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Sinusoids

A sinusoid is a signal that has the form of the sine or cosine function.

Consider the sinusoidal voltage
vit) = V,, sinat wi) 4

where Von
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V, = the amplitude of the sinusoid

@ = the angular frequency in radians/s
w! = the argument of the sinusoid

. o 2T
it + 1) = Vysinwlt + T) =V, .‘;mm(r + o )

=V, sinlwt + 27) = V,, sinwt = vif) that 15, v has the same value at t + T as it does at ¢ and v(#) 18 zaid to

[
be periodic. In general,
Hence,

A periodic function is one that satisfies £(£) = £t + A7), for all £ and
for all integers a.

vit + T) = vin)




Sinusoids

Let us now consider a more general expression for the sinusoid,
vir) = V,, sinfwr + ¢)

where (@t + ) 1s the argument and ¢ 15 the phase. Both argument and
phase can be in radians or degrees.
Let us examine the two sinusoids

vylf) =V, sinwt and vs(t) = V,, sinflet + )

vy = Wy sin awi
—

L
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ty = 1{,'" sinfmwi + ¢h)



Sinusoids

Find the amplitude, phase, period, and frequency of the sinusoid EKﬂFﬂp'E Q.1

vit) = 12 cos(30r + 10F)

Solution:

The amplitude 1s V,, = 12V,

The phase 1s ¢ = 1(F.

The angular frequency is @ = 30 rad/s.
2w 1w

'I i R — 2
The period T " 30 01257 s.

1
The frequency 1s f = T = 7.058 Hz

Calculate the phase angle between v, = —10 cos{et + 50°) and v, = Example 9.9
12 sinfer — 107). State which sinusoid i1s leading.



Sinusoids are easily expressed in terms of phasors, which are more con-
venient to work with than sine and cosine functions.

A phasor 15 a complex number that represents the amplhtude and
phase of a sinusoid.

A complex number 7 can be written in rectangular form as
z=x+jy

The complex number 7 can also be written in polar or exponential

form as

r=r/d= rel?®

where r 1s the magnitude of z, and ¢ 1s the phase of 7.
7 can be represented in three ways:

z=x+ v Rectangular form
1=r/d Polar form
Jeb

= re Exponential form

e |



The relationship between the rectangular form and the polar form
15 shown in Fig. 9.6, where the x axis represents the real part and the
v axis represents the imaginary part of a complex number. Given x and
v, we can get » and ¢ as

S5 ¥
r= Va4 yT, ¢ = tan J?

On the other hand, if we know r and ¢, we can obtain x and
Imaginary axis

X = rcosd, v = rsing A
z
Thus, 7 may be written as .
- i

z=x+jv=r/¢=r(cos¢ + jsingd) e, !y
it |
\e |
0 . L Real axis
-
2
Figure 9.6

Fepresentation of a complex number z =
x+py=r/jd



1=x+jy=r/g,

the following operations are important.
Addition:

21 + i3 — f.TJ + .'-I.':] +_.I;|:._'I-'|_ + _'I-':]

Subtraction:

1 — Z2 = (X — x2) + jlyr — ¥2)

Multiplication:

Division:

Reciprocal:

Square Root:

Complex Conjugate:

A

n=x A+ =0/

T2 = X+ 2=/

= rir2/dy + ¢

2]

=x—jy=r/-d

Addition and subtraction of complex numbers are better performed
in rectangular form: multiplication and division are better done in polar

form. Given the complex numbers

(9.18a)

(9.18b)}

{(9.18¢)

(9.18d)

(9.18¢e)

(9.18F)

(9.18g)



V= ]"JI.-:'."WI}:I"I =V _d}

V 1z thus the phasor representation of the sinusoid v(7), as we said ear-
lier. In other words, a phasor 1s a complex representation of the mag-
nitude and phase of a sinusoid.

Imaginary axis
&

v \u
Y
\Lemiing direction

i)
= Real axis
Lagging direction
|
/:
Figure 9.8
A phasor diagram showing ¥V = V,, ﬂ and I = T, f‘ﬂ-



The differences between v(r) and V should be emphasized:

1. v(t) 15 the instantaneous or time domain representation, while V 1s
the frequency or phasor domain representation.

. vir) 1s time dependent, while V 1s not. (This fact 1s often forgot-
ten by students.)

. vir) 15 always real with no complex term, while ¥V is generally
complex.

b2

fed

Exam plﬁ Q.4 Transform these sinusoids to phasors:
(a) 1 = 6cos(50¢ — 407 A
(b) v = —4sm(30r + 50¢) V
Solution:
{(a) i = 6cos(50¢ — 40°) has the phasor
I=6 ﬂ A
(b) Since —sin A = cos(A + 90°),

v = —4 sm(30 + 307 = 4 cos(30r + 30° + 90°)
= 4 cos(30r + 140"V

The phasor form of v 1s

V =4/140°V



Evaluate these complex numbers:
(a) (40/50° + 20 /—30°)/2
1{}5—31]” + 03— j4)
(2 + 7403 — 50

Solution:
{a) Using polar to rectangular transformation,
iH]EE = 40{cos 30" 4+ jsind0F) = 2571 + ;3064
Eﬂﬂ = 20[cos(—30F) + jsin(—30F)] = 17.32 — 10
Adding them up gives
40/50° + 20/ =30 = 43.03 + j20.64 = 4?.?2@

Taking the square root of this,

(40/50° + 20/-30°) "% = 6.91 /12.81°

(h) Using polar-rectangular transformation, addition, multiplication,
and division,

10/=30°+ 3 = j4) 866 — j5 + (3 — j4)
(2 +i003 -5 Q2 +H03+)5)
11.66 — j9 14.?35—3?.65“

—14 4+ 22 26.08 /122.47°

= 0.565/—160.13°

Example 9.3



Find the sinusoids represented by these phasors: Example Q.5
fa) 1= -3+ /4A

(b) V= j8e "V

Solution:

fa) 1= =34+ ;4= 55126.8?“. Transforming this to the time domain
gives

i) = 3 cos(an + 126.87°) A
(b) Since j = liﬁ,
V=j8/=20"= 1l :-'“';‘{}D}I;Si—i{f}"}
= § ;"J‘;‘{J'” —20°P =8 ;"“?'D” A

Converting this to the time domain gives

v(r) = 8 cos(ewt + TO"V



Given i,(t) = 4 cos(awr + 30°) A and i5(r) = 5 sinf{wr — 20°) A, find
their sum.

Solution:
Here 15 an important use of phasors—for summing sinusoids of the
same frequency. Current ;(¢) 1s in the standard form. Its phasor is

[ = 4/30°

We need to express i,(1) in cosine form. The rule for converting sine
to cosine 1s to subtract 90°, Hence,

1o = 3 cosfewt — 20° — 907 = 5 cos(ar — 1107)
and its phasor is
L =5/-110°
If we let i = i; + i5. then
I=L+L= 4;"’31]” + 5;”—11{}"
= 3464 + ;72 — 1.71 — j4.698 = 1.754 — j2.608
= 3.218/-56.97" A

Example 9.6



Phasor relationships for circuit elements

= . <
v 3 R % = R
- _
r=iR V=1R
(a) (b)
Figure 9.9

Voltage-current relations for a resistor in
the: {a) ime domain, (b) frequency domain.

Im &

‘\¢
0 Re
Figure 9.10

Phasor diagram for the resistor.




Phasor relationships for circuit elements

¥ -
=) . =
4 L 4 L
v =) 3 =)
- _ o _
w= L% V= jwll
ia) ib)
Figure 9.11

Voltage-current relations for an inductor in
the: {a) ime domain, (b) frequency domain.

Im &

0 Ee

Figure 9.12
Phasor diagram for the inductor;
Ilags V.



Phasor relationships for circuit elements

i I Im 4
—_— e
- .
+ + \
|
by = 1 = v
- - o
1 e 1 .
i=c = jwCV 0 Re
() (i Figure 9.14
2 Phasor diagram for the capacitor; 1
Figure 9.13 leads V

Voltage-current relations for
a capacitor in the: (a) ime
domain, (b) frequency
domain.



Phasor relationships for circuit elements

Example 9.8

The voltage v = 12 cos(60r + 457) 1s applied to a 0.1-H inductor. Find
the steady-state current through the inductor.

Solution:
For the inductor, V = jwll. where @ = 60 rad/s and V = 12{’45"\-".
Hence.
v 12/45° 12 /45° f
I=—=——=— = —_9/ 454
Jwl, 60 x 0.1 6 /00"

f kil
Converting this to the time domain,

ey = 2 cos(Br — 4571 A



Impedance and admittance

The impedance I of a circuit is the ratio of the phasorvoltage ¥ to the
phasor current |, measured in chms (L3

L =R+ X
7 = |Z|iti
Z=R+jX=|Z|/6
where
P ] - _J};’
|Z| = VR™ + X~ f = tan " —
R
and

R = |Z|cosb, X = |Z|sind



Impedance and admittance

The admittance ¥ is the reciprocal of impedance, measured In

siemens (S).
yol_1
L V
Y=G+jB
] |
G + jB =



Impedance and admittance

Find v(f) and i(r) in the circuit shown in Fig. 9.16.

Solution:
From the voltage source 10 cos 4t, @ = 4,
V. = IDE A
The impedance is
I—5+L—5+;—5 2.5 10}
T T e T Tiaxol T T

Hence the current

(oY _ 10/0° 10(5 + j2.5)
7 5—-j25 524250 {9.9.1)
= 1.6 + j0.8 = 1.789/26.57° A

The voltage across the capacitor is

1 1.789 i-"EEr.S I

jwC  j4 % 0.1
— —1'?39-”—7?6'5?0 = 4.47/—63.43°V
0.4/90° L —

V=1Z.=

(9.9.2)

Converting [ and V in Eqs. (9.9.1) and (9.9.2) to the time domain, we get

1ty = 1.780 cos(dr + 26.57°) A
vir) = 4.47 cos(dr — 63.43°)V

Notice that i(f) leads v(r) by Y0F as expected.

Example 9.9
R
"".’l\'..'ﬂ-.l""..'
+
= 10 cos 4+ I::t:l 01F ::i

Figure 9.16
For Example 9.9.



Kirchhoff’s laws (KVL and KCL) in frequency domain

\..-J + \..-2 + e+ \..-” —_ O

indicating that Kirchhoff’s voltage law holds for phasors.

which is Kirchhoft’s current law in the frequency domain.

Once we have shown that both KVL and KCL hold in the frequency
domain, it is easy to do many things, such as impedance combination,
nodal and mesh analyses, superposition, and source transformation.



Impedance combinations

! Z, Z, Zy
— e h
+“J_ +1‘_-2— +‘4':',,.r_
4+ L
v
zeq_z]+33+ +Z'.,
|
Leg
Figure 9.18
N impedances in series.
1 Z,
—_—
L
+ V.~
1
A N zZ Z
v \ D Z; Vi=———V, V,=—7"—V
- Zl + ZE Zl + Zz

Figure 9.19

Voltage division.



Impedance combinations

1
N “1 “2 _______ “N The equivalent impedance is
: t+r _r_r, 1+, ...,1
I C‘D v Z Z, Ly Z, V Z, 17, Ly
- and the equivalent admittance is
|
Zeq qu:Y]+Y2+"‘+Yﬁ
Figure 9.20

N impedances in parallel.

1 I 1 2,7,
. l[l l[z 7 = = — — = -

q Yi+Ys VZ,+1/Z, Z,+Z;
1) v z, z,

- Z'} Zl
=——I1L L=——TI
Figure 9.21 Z, + 1 Z, + 715

Current division.




Impedance combinations

Y-A Conversion:

A-Y Conversion:

Figure 9.292
Superimposed Y and A networks.

A delta or wye circuit 1s said to be balanced if it has equal imped-
ances in all three branches.

1
z‘.l=321f ar ZF:EZE‘

where Zy' = Z] = Zz = Zg and Z:l = Z._r{ = Z;,.. = Z{..

7,2, + 7,75 + 737,

Z,
W, + L7, + 157,

Z,
T2 + ZoZs + 757,

Z;

Ly Z,

L, +71,+ L.
L .7,

L, + 74, + L.
L., 74,

7.+ 7, + Z.




Impedance combinations

Find the input impedance of the circuit in Fig. 9.23. Assume that the Exa mple .10

circuit operates at @ = 30 rad/s.

2mF 02H
Solution: o—|| "
Let Zig 230 2
—_ s 810
£, = lmpedance of the 2-mF capacitor # 10 mEF 5
Z> = lmpedance of the 3-£2 resistor in series with the10-mF o |
capacitor Figure 9.23

. . . . : For Example 9.10.
Z; = lmpedance of the 0.2-H inductor in series with the 8-{} o Example

resistor
Then
1 |
L, = = = —jl0 2
‘T eC  joxax10> !
1 |
fao=34+4—=3+ -=({3—720
2 o SOx10x 10— - G

L:=8+jwl =8+ ;50 x02=(8+;1000
The input impedance 1s

. (3 — 7208 + j10)
=17, + 7| Z; = —j10 +
in 1 2” 3 i) 11+j'8

(44 + j14)(11 — j8)

= —j10 + TEs = —j10 + 322 — 107 Q

Thus,
Zi, =322 —11.07Q



Impedance combinations

Example 9.11
60
AN
_ L+
znmsmr—]snﬁ@j 10 mF == SHI_F_a
Figure 9.25
For Example 9.11.
60 02
J\J'-".'ﬂ‘.'ﬁ.l
L+
wes (F) pse=— oo ;j v,
Figure 9.26

The frequency domain equivalent of the
circuit in Fig. 9.235.

Determine v, (f) in the circuit of Fig. 9.25.

Solution:

To do the analysis in the frequency domain, we must first transform
the time domain circuit in Fig. 9.25 to the phasor domain equivalent in
Fig. 9.26. The transformation produces

v, =20cosdr — 159 =  V,=20/-15V, w=4

1 1

joC  j4 %10 % 1077
= —j250

5H = jel=j4x5=;200

10 mF =

Let

£, = Impedance of the 60-£) resistor

7> = Impedance of the parallel combination of the
10-mF capacitor and the 5-H inductor

Then Z; = 60 £} and

By the voltage-division principle,

_ Z, j100 ,
Vo=V, =————(20/—15°
C I+ 7, 6ﬂ+j1{]0{ (=)
= (0.8575,/30.96°)(20/ —15°) = 17.15/15.96° V

We convert this to the time domain and obtain

volt) = 17.15 cos(dt + 15.96%) V




Impedance combinations

Find current I in the circuit of Fig. 9.28,

20 -4 0
AW I
v Il
| .
4 12q A0, BQ
AN 211k LA TATE
i
s0,0° (1) A0 ==
Figure 9.28

For Example 9.12.

I 1o
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o
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.
&
Lo

(==
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=

Figure 9.29

The circuit in Fig. 9.28 after delta-to-wye transformation.

Example 9.12

Solution:
The delta network connected to nodes a. b, and ¢ can be converted to

the ¥ network of Fig. 9.29. We obtain the ¥ impedances as follows
using Eq. (9.68):

A2 =4 4@ +)2)

_ — (1.6 + j08) 0
““d+2-ja+s 10 0T
4(8 82 — j
Z.{m = % = ..?32 ﬂ, Z‘EH = TJ&H = UE’ - JE‘EJ Q

The total impedance at the source terminals is

Z

124+ Z,, + (Zy, — BV | (Z,, + 76+ 8)
=12+ 1.6 4+, 084+ (;0.2)] (9.6 + ;2.8)
, j0.2(9.6 + j2.8)
= 13.6 + jO.8 +
! 0.6 + /3

=136 +jl = 13.64&4.2{}4"!1

The desired current 1s

v 50 /0° f
I=—=—"—=3666/—4204° A
I KL fo e
L 13.64/4.204



