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Meaning of Interpolation.

In our daily life we are sometimes confronted with the problem where we become
interested in finding some unknown values with help of a given set of observations.
For example, if we are find out the population of Bangladesh in 1978 when we know
the population of Bangladesh in the year 1971, 1975, 1979, 1984, 1988, 1992 and so
on. i,e. the figure of population are available for 1971, 1975, 1979, 1984, 1988, 1992

etc, then the process of finding the population of 1978 is known as interpolation.

Definition of Interpolation.

In the mathematical field of numerical analysis,interpolationis a method of

constructing new data points within the range of a discrete set of known data points.

Mathematically, let the observations of a function y = f(x) be f(a),f(a+
h), f(a+ 2h) ...........f(a + nh)for x = a,a + h,a + 2h, ... ... a + nh respectively.
Then the method of finding f(x) for x = a, where « lies in the rangea and a + nh is
known as interpolation and if the value of x = « lies outside this range it is called

extrapolation.

For example, let as suppose we are given the following data.
X = ‘ 0 ‘ 3 ‘ 6 ‘ 9 ‘ 12 ‘ 15
f(x)z‘l ‘2 ‘7 ‘12 ‘17 ‘22

Then the method of finding f(10) or f(4) with help of the given data will be called

interpolation and that for f(27) or f(—2) will be known as extrapolation.



Forward Differences
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If Yoo M2 Y20-002 ¥y denote a set of values of y, then ¥y = ¥g, 3 = ¥ys-es Yy = ¥
are called the differences of y. Denoting these differences by Ay, Ay, ...y AV
respectively, we have

Avg = » = Vs

A =Ys=Naees BV =V = Vau-nr

where A is called the forward difference operator and Ayg, Ay, ..., are
called first forward differences. The differences of the first forward differences
are called second forward differences and are denoted by dlyu,diﬂ,....
Similarly, one can define third forward differences, fourth forward differences,

etc. Thus,

A%y =Ay - Byp =y, =3 - 04 = Yo)

=y =20 + Yo,

Alyo =A%y - Alyo = y3 =2y, + 3 — (7 =20 + )
=y=3n+In-»n
Alyy =A%y = A'yy = yy =3y3 + 3y - 3y — (33 =33 +33 - )
=Yg =4y3+6y -4y +yp.

It is therefore clear that any higher-order difference can easily be expressed
in terms of the ordinates, since the coefficients occurring on the right side
are the binomial coefficients.

Table 3.1 shows how the forward differences of all orders can be formed:

Table 3.1 Forward Difference Table

x y A A? ad at I A8
xg Yo
- Ay
x4 " A%y,
Ay a3y,
X3 ﬂzh ﬂ"fo
Ayz A%y, 55}'0
X3 ¥a 8%y, Ay, a8yo
Ay a3y, aBy,
Xg 7 A2y, aty,
AYg ﬂar’a
x5 ¥s A%y,
Ays
Xg ¥e
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Backward Differences

The differences y; = yg, ¥3 = Mseoes ¥ = Yoy are called first backward
differences if they are denoted by Vy,, Vy,...,Vy, respectively, so that
Vm=»=Yo V9 =1 =Neers Vg = ¥y = Yu-1» Where ¥ is  called the
backward difference operator. In a similar way, one can define backward
differences of higher orders. Thus we obtain

V22 =V = Vi =3 = 31 =4 = Yo) = 2 - 20 + Yo
Viyy = Vyy =Wy, = yy =3y, + 3y = 3y, etc.

With the same values of x and y as in Table 3.1, a backward difference table

can be formed:
Table 3.2 Backward Difference Table
x y v ve v v Vs ve
Xo Yo
Xy ¥ Vi
X2 Y2 V2 vy,
X3 ¥a Vya Viys Vg
x4 Ya Vys vy, Wy, vy,
Xs Ys Vys viys Vs vys voys
Xg Y6 Vvs V2ye Vg Ve Vs Vo

£ he difference of [ Interpolation/Extrapolatio ] 1 the difference of X i

l equal or not for both

condition it applicable.

X is equal then it
applicable.

\4
Newton’s Interpolation formula } [ Lagrange’s Interpolation formula ]
Newton Forward Newton Backward
Interpolation Interpolation
formula formula

ST
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Newton’s Formula For Interpolation:

Newton’s Forward Difference.

If the given data is

y(X) =Y +uAy,+

’

X X, X X, ) X,
y Yo Y1 Y, ) R R Y
Then the Newton’s forward interpolation formula will be,
u(u-1 uu-Yu-2 uu-1u-2).......... -n+1
( )Nyﬁ—( X )Nyﬁ— .............. + (u-Hu-2) (u )
2! 3 n!
Where, u= X% ; h-=difference of x which is always equal interval.

Newton’s Backward Difference.

If the given data is

y(x) =y, +uvy,+

’

X Xo X, X, S X,
y Yo Y. Y, )2 S Ya
Then the Newton’s backward interpolation formula will be,
u(u+1 +DUu+2 +(u +2).......... +n
uu+l) VZy + uu+u+2) V3Y 4, + uu+Hu+2) (u L)
2! 3 n!
Where, u= X=X h = difference of x which is always equal interval.
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Example-  Find the value of y at x = 21 and x = 28 from the
following data.

X : 20 23 26 29
y : 0.342 0.3907 0.4384 0.4848

Solution : We construct the difference table for the given
data is as follows :

X y Ay A%y Ady
20 0.342
1 0.0487
23 0.3907 -0.0010
0.0477 -0.0003
26 0.4384 -0.0013
0.0464
29 0.4848

21-20 -
we have to find y(21). Here u = 3 0 = 0.3333 since x = 21 is

nearer to the beginning of the table, so we use Newton's forward
formula.

Now, by Newton's forward interpolation formula, we get

u(u- 1) ufu-1 -2
Yy =yo +uAyp+— 57— A’y + 3)! -2 Ay,

- y(21) = 0.342 + 0.3333 x (0.0487) +2-5333(0-3333 —

42033 — 1)

21 (-0.0010)
N 0.3333(0.3333 - 1) (0.3333 - 9)

3! {-0.0003) = 0.3583
Again we have to find y(28). Since
So we use Newton's backward inte

X = 28 is nearer to end value,

W+ D+ usg
n | 31 Vo¥a
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28} = 0.4848 + (-0.3333) (0.0464)

-0.3333) (-0.3333 + 1) 1 0013
' —’—e—z/’ 3333 + 2)
X (-0.3333) (~0.3331; +1) (035 = (-0.000g) |
D

Y\

=0.46946

- The values of y at x = 21 and 28 are 0.3583 and 0 46946

|
respectively.

Example~-  The population of a town in the decennial

census was as given below. Estimate the population for the year |
1895.

. Yéar X @ 1891 1901 1911 1921 193]
. Populatior vy : 46 66 81 93 101

{in tllougands]

Solution : We construct the differ

€nce table for the given data
is as follows :
Year (x) | Population y) Ay A2y A3y Aty
1891 46
20 ‘
1901 66 -5 |
15 2
1911 81 -3 3
1921 93 -4 ' |
8
1931 101 \]
we have to find y(1895). Since X = 1895 g neare
beginning of the table, so we use Newton's fOrWard inte r tlouthe
on, |
formula. In this case Pl
X~-Xo _1895- 189]
USRS T =04
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e have
~ By Newton's forward inte rpolation formula, W

'-l(WA
y(X) = yo + Ay, + “(l—l!——[\ Yo

W@o

' 404 -1)
- y(1895) = 46 + 0.4 x 20 + Q——(T,d—-‘— (-5)

, 0:4(0.4 - 31[) 04-2) ,,0404-1) (?1 l4 -2)(04-3) g

= 54.853 thousands (approx.)

. The population for the year 1895 is 54 853 thousands
(approx)

/

Exampler. B the annual prevtuntat the age ol 30 from
the tollowing table.

Age : 21 25 29 SN

Premium 1427 15.81 17.72 19443

Solution ! Since Age = 30 s nearer to the ending ol the table.
So we will use Newton's backward tnterpolation formula.

Now. we construct the difference table for the given data Iy ns
follows :

Age () Premium y Vy Viy Viy
21 14.27 -
1.54
25 15.81 0.37
| 1.91 -0.04
17.72 .| 0.8
83 | 1996 f - | 1.
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Now, by Newton's backward interpolation formula, we have

ufu+1 u(u+ 1 +2
VIX) =y, + uVy, + —‘(T)—v‘lyn + (u 4 .3)! (u+2) vy,

X-X
where u = —H—u

- y{30) = 19.96 + (-0.75) x 2.24 + =0.75 (“20-75 +1) 0.33

4 0:75(0.75 + 1) (~0.75 + 2)
6 - (-0.04) = 18.2506
Hence the annual premium at the age of 30 is 18.2506.
Example-
Premium for

12 From the following table of half-yearly

poucies maturing at different ages, estimate the
Premium for policies maturing at age 46 and g3,

Age X 45 50 55

60 65
Pl‘Emium y

11484 96.16 8332 7448 68.48

Answer: Try yourself.



Example—

(0, 1), (1, 3). (2, 7) and (3, 13). Find the polynomial.
Solution : We construct the difference table for the given data
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A second degree polynomial passes through

is as follows :
X = f(x) Af(x) AZf(x) A3f(x)
0 1
2 2
1 3 -
4 0
) 7 2
6
3 13 |
By Newton‘s forward interpolation formula, we get
fla + uh) = fla) + uAffa) + [ =1, Afla), where u =>-—
h
In -0
this problem y = ~-1—— [-a=0.h=1)
=X
= fld = fl0) + xAff0) + x(x D 2 q0)
= xx-1
=>ﬂx] 1+x><2+“*2~—).2=>ﬂx)=1+2x+x2—x

l" 2
) =x2+x+], which is the required polvnomial
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. P AaARCAL.

Example- The following table is given
X : 0 1 2 3 4
flxy 3 6 11 18 27

find the function flx)

Solution : we construct the difference table for the given data
is as follows -

X flx) Af(x) A2f(x) Bf(x)
0 3
3
1 6 2
S 0
11 2
2 7 0
2
3 18 |
9
4 27

olation formy]g

flove ubh) =M+ ) 2020 -x-a

In this problem, a=0, h = |
s =-‘*X—;£ =x

-. fix) = flO) + xAflO) +M A2f(Q)

1
-—3+x3+—)((x2 ) %2

2
=3+3x+X

+3
o M) =X

10



MD. MEHEDI HASAN, LECTURER @ DIU

Example 3.4 Find the cubic polynomial which takes the following values:
w(1) =24, y(3) =120, y(5) =336, and y(7)=720. Hence, or otherwise, obtain
the value of »(8).

We form the difference table:
x y A At A

1 24
96
3 120 120
216 48
5 336 168
384
7 720

Here h =2. With x; =1, we have x=1+2p or p=(x~-1)/2. Substituting this
value of p in Eq. (3.10), we obtain

(55 (S5,

=x3+6x2+llx+6.

2=l

> (96)+

vx)=24+

To determine )»(8), we observe that p =7/2. Hence, formula (3.10) gives:

(772)(7/2-1) (772)(712-1)(7/12~- 2)
2 6

Direct substitution in y(x) also yields the same value.

(120) + (48) =990.

y(8) =24+ %(96) -

For Practice.

1. Population was recorded as follows in a village,
Year | 1941 [ 1951 | 1961 [ 1971 | 198] 19ﬂ4
3

Population| 2500 | 2800 | 3200 | 3700 | 4350 | 522

]

Estimate the population for the year 1945.
Ans. 2607
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8. The population of a town in the

given below, Estim

3. From the table given below find sin 520 by using Newton’
forward interpolation formula.
X 45 50 55 60
sifl x 0.7071 0.7660 0.8192 0.8660
Ans. 0.7880032
4. The value of annuities are given for the following ages. Find
- the value of annuity at the age of 28.5. |
Age 25 26 27 28 29 jl
Annuity 16.2 15.9 15.6 15.3 15.0
Ans. 15.15
5. Evalute log 6237 from the following table.
X 45 30 55 60 65
yx =log x | 1.65321 | 1.74897 | 1.74036 | 1.77815 1.8125
Ans. log 6237 = 3.74484
6. Estimate e !-? from the given data.
X 1.00 1.25 1.50 1.75 2.00
e™ 0.3679 | 0.2865 | 0.2231 | 0.1738 | 0.1353
Ans. 0.1496 i
Find y(1.02) given
X 1.00 1.05 1.10 1.15 1.20
y 0.3413 | 0.2531 | 0.3643 0.2749 | 0.3849
Ans. 0.34614

decemmia] census was as

ate the population for the year 1895 :
Years : x 1891 | 1901 1911 | 192] 1931
Population : y
{in thousands) 16 66 81 93 101

12
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Lagrange’s Interpolation Formula .

Statement:

Given (n '+ 1) values of the function f(x) for x =

Xo» X1, Xo. -, X,
rfame_ly f[xﬂ]' f[x].]f ﬂ}{Z]i b N

K f(x,) respectively, the formula states

= X=-x)) (x=x%p) - (x- x)
) (X0 = x3) (xg - Xp) -+~ %y ~ x,) flxg) - -

+ {XZ-Xu] (x - x5) --- (x - x,)
_ | x; ~ Xo) (x, - Xg) -+~ (x, - X,,) fix;)
(X ~ Xo) (x — %) (X~ X3) -+ (x - Xn)
. 2 —Xo) (x2 ~ xy) (xp - Xg) - (x5 - x,) flxg) + ---

+ X=X (x - x)) --. (X - xpy)
(xn - x0) (x, ~ x;) --- a—— flxn) -

A Deruve Ladr\m\ae'/: inknpc\p\ﬁcy\ /Enm\,\\g,\ j;)r( c)e@zee 9 -

AW&“" AR funehon Wy = £ .
e degree 3 we chuosl e abue 5 ot
RN, %y, K, omd ke CsTespending yelo® TF e
j“*\e—\\‘o“ f(i) be ff('xo), ’f(’*,),om( fC’X'L?-
Now we fi{— g 9o\anom'\ol dj f(x) dj' Jearcce 3.
I PN CE R I CEWFENCE DI

—\—a\?’Qxf”A.) By o

13
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ord @A, W& puk

0 gmé fa ~vakua
B njfec—\we\a, n @ we e,

q(—-‘)( 'X,)'XL

At xz%e,

[ o Gam) (ona)
s d £ ()
’ @,x) (% %)
Ab o= o, we deb,
’f(“\) = Qi C"‘.’xo) C’\"x?—)
. k'f@.)
T ,-) (x,- "a_)
ack

/

of A= x, we

’fc"(z)"a C’x x)(u-—x)
a“ - f Cu)
S s @1 7<) (,x )
4ubs¥i’}w\-'ma' Meps  volues 0,,9, ond a, m Q) we 3t
or) Coom) ) (o)
16 O (e ™) {( ) @ Ao} Do x)f

Q)L 8 )C‘)L"’(c) ,g‘
T Gy

Agein,

Wik b fa rempired  Lagrongess infocpalution
j&rml» j%rt Jeaﬂee i, P8

14
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Problem Solving:

Erxiéirh‘ple- Apply Lagrange’s formula to find log;¢656,
using the following values of the function f(x)

X 654 658 659 661
f(x) 10g10654 10g10658 10g10659 ‘ 10g1066}.
= 2.8156 =2.8182 = 2.8189 = 2.8202

Solution : Here x, = 654, x; = 658, x5 = 659 and x3 = 661.
By Lagrange’s formula, we have

. (x-xp) (x - x9) (X - X3) (x - Xg) (x — X5) (x — x3)
0 = To — 1) G0 = %) (0 — x3) 0 ¥ T, —xg) Gy = %) (x] = xg) 1K1
L X=X X - X)) (X - X3) (x -X%o) (x—x3) X-X9) |

(X - xq) (%2 - x7) (X2 — X3) ‘ﬂXQJ * (X3 - x0) (3 _

Substituting the values of xq, X, x5, X3 and éorréspo;iding
values of f(x) in the above equation, we get .

_ (656 — 658) (656 - 659) (656 — 661)
- 10810 656 654 —553) (654 - 650) (654 - 661) X 2-8156 -
, (656 - 654) (656 - 659) (656 - 661) -
(658 - 654) (658 - 659) (658 < 661) * 2-8182
(656 - 654) (656 - 658) (656 - 661)
(659 - 654) (659 - 658) (659 — 661) X 2-8189
, 1656 - 654) (656 - 658) (656 - 659) ..
(661 - 654) (661 - 658) (661 < 659) X 2-8202 -
seg = £ E3) (5 2(3) (-5)
= loglo (-4) (_5) (_7) X 2.8156 m x 2.8182
2.(2) £5) - ~2) 3
B I.Cg x2.8189 %2;.'2:)3). (23)

= 0.60334 + 7.0455 - 5.637 .
. log,o656 = 2.81681. Ans 8 + 0.80577

x 2.8202
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Estimate « (155) using Lagrange’s

interpolation formula from the. table given below :

X 150 152 154 156
Y= vx 5247 | 12329 | 12410 | 12.490
Solution : Here x = 155, Xg = 150, x; = 152, x, = 154 and
X3 = 156, Vo = 1224—7, Y1 = 12.329, Ya = 12.410, Y3 = 12490

X %= 155-15055] Xo-X1=150-152 | Xp-xg=150-154 | xp-x3=150-156
=-92 =-4 =-6

x]-Xp=152-150 x-x)=155-152 X]-Xg=152~154 X] — X3 =152 -156
=2 =3 =-2 =-4

xg —-xg =154 - 150 Xg —x1 =164 -152 X=-Xx9=155~-154=1 X9 — X3 =104 - 156
=4 =2 =-2

X3 —-xg=156-150 X3—x,1=1565 152 X3 -x9 = 156 - 154 X-x3=155-156
=6 ’ =4 . =2 =-1

We know Lagrange's Interpolation formula is
(x = X)) (X — Xo){X — X3)

ylx) =

(x — Xg)(x — Xo)(Xx — Xg)

(0 -

X)X — Xo)(Xp — X3)
+(x Xp) (x —x;) (X - x3)

Y07 [y = X)X — X)X ~ x5) T

(X2 — Xg) (X — X1)(Xg — X3) " Y2

X - Xq) (x - x3) {x - %)
(XS - XO)(XS - Xl)[x3 — xz) A +

: _ (3) (1) 1) (5) (1) (-
055 =155 = o g gy < 12:247 + g
' 33 1)
x12.329 + 2 = o 415, OB
Cgas | BOAEYT o) (@ @ * 1249
Example-  : Given the following data satlsfymg y = f(x) :
X -1 0 5 =
Find the Lagrange polynomial. —i
Solution : Here X3 =-1,x;, =0, Xp =2, X =5 ,_
Yo=9.¥1=5,y,=83,y, = 15 j
.--}—(—__onx+1 Xo—X; = - 1 10
T Xp— X =~
X X=1 X-X = X| - ——5 j:o:;(af‘
| X "X07 g Xg—X; =2 X - xg—x—2 XI_XB:‘g
| X" X=X =5 X3—Xp=3 x?-x33=_x—_5

16
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Lagrange’s interpolation polynomial is : o

yi = (x-x,) (x- Xo) (X ~ Xg)
(X0 = x1)(x0 - X2)xo ~ xa) Y0 " i, “xg)l; = x,)x) = xy) * V!
(X - Xg) (x — %) (x - x3) (X —Xg) (X - x;) (X ~ xp)
(x5 — X(o) (x2)— X1) (%o~ x3) *Y2 7 (x5~ xo) (x5 = x,) (3 = x5) * V3
. =xx—2 (x-5) X+ 1) (x~2)(x-5)
=Y TN Ee % Mgy X5

x + 1) x(x - 5) 3J(x+1)x(x—2)
B@E3 3" @E @ XIS

(X = Xg) (X = Xp) (x - xa)

=x2-3x+5.

Example- ~ From the data in the following table find by
Lagrange's formula the value of y when x = 27.
x: 220 23.5 25.2 28.7
y: 2.8 3.5 4.6 5.3
Solution : Here xp=22.0, - x; =235, x,=25.2, x3=287
. o Yo= 28, Vi = 35 y2 = 46 YS = 5-3
By Lagrange’s interpolation formula, we have
(x - %) (X - Xy) (x - x4) (x - x - -
(0 = x1) (X0 = X5) (g ~ xg) Yo * 5 = xx(S) (Efl —ff)) (éc = I
((X+X(3)((x_xl)-(x_x3) (o ~ X0) (¢ — x,) (x - %)
o +(}'3f05 Xi éxn b - xg) Y2 (Xa - xq) (x5 — x1 ) (x5 — 3( RE
- y@7) = .5) (1.8) (- 1.7) | (50)(1§ e A
- 1.5) (- 3.2) (~ 6.7) x{2.8) + (*1—57——_&_1_71_ x (3.5)
+L5'L‘(3‘5_)_(:‘1;7_- . . ("“ 1.7) ('_ 5.2) .
3.2 (L7 (T375) x (4.6) +,2:0) 8.5) (1.8)

= 0.93246 - 4.03846 4 7 5 B6.7)(5.2) (35 % (5.3)
= 5.45062 18750 + 1.36919 8.9

Hence the required value of y ¢ X =97
=718 54509

y(x) =

17



For Practice:
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Estimate V155 using Lagrange's inter pollution's formula
from the table given below :

X

150

152

154

156

y =Vx

12.247

12.329

12.410

12.490

©

Apply Lagrange’s interpolation formula to find the values of
fl8) and f{15) from the following table :

Another Problem:

.

_

Gl-:\ve'n e dade 53 ra valuen

X 4 5 7 10 11 13
f(x) 48 100 294 900 1210 | 2028
Ans. 448, 3150 .
Apply Lagi-ange's interpoldtion formula to find the value of y
when x = 10 .

X 5 6 9 11

y 12 13 14 16
Ans. 14.66 \

o &

go

52

54

—

56

<

3694

3732

3 779

3. 825

Lise Léar(ﬂv\ae'b jQr('mub\ 4o %iné X when (/'71 = 3-756

Holuhon ;
N

. Ten Ak Y= Jfx 2 BT5E

.S
RN
= wn = G
®, = 5°, %7 52, ™27 54, 377
= Q- 1. =385
y - 3-6%Y4 Y, 2732 _ 32_ - TFZ 3

18
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we know Fa ’E\Orl'mu\y 6'3‘ Lo\am,%e I ;“‘)Q'(Pétheh ib)
(=) Cr-%) (y'@—xfx. + &-») (r-12) (%) x %,
K= Q’,"ﬁ) (‘/," 7,_) (7.’ 73) Q’" 7,) <Y| —‘f?) (7‘»,3)

(y- Yo)(""lt) (.7"73) ' Q—Y‘) (7, j\) (y- 72>
i E—T.) Ql[j') (72- 73) s CV_;-./;) (73’51) (73’ 32.)7‘ B

_ (75s-3732) (3-75¢- 3-779) (3756~ 3.925)
(3-6@4(—3-737_) (3-6¢4-3-729) (3-624-3.§215) g

50

(3 #56-3 €e4) C’b-?gc)- 3-779) (3-7€6— 3-625) pre
O-732~% ‘9‘9 (3 732- > 729 (3- 32~ 3-625)

(152-3:732) (375229829

757 - 3 684
é 3-731) Q}~773 -3 %2‘5)

N (772 -3 684) (3- T4~
756-%732) (a75¢-3772) ,4x

S e»’é-éﬂl) (’5' =
+ W

3%25' -

= q = 592-95%9

)

19
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For Practice:

rom the table of valxues

Y
1.8 2.9422
2.0 3.6269
2.2 4.4571
24 5.4662
2.6 6.6947

find x when y =5.0 using the method of successive approximations.

mm the following table of values, find x for which sinhx=35:

x sinh x
22 4.457
24 5.466
2.6 6.695
28 8.198
3.0 10.018
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3.A15. Merits of the Lagrange’s formula :
L} “This formula s simple and easy to remember.
(2} There i1s no need to construct the difference table.

We can directly find out the unknown value with the
help of the given set of observations.

Demerits of the Lagrange’s formula :
11 The application of this formula is very slow.

(2} The calculations in the formula are more comphcatedﬁ.
than in the divided difference formula.
(3} The caleulations provide no check whether the function

values used are taken correctly or not

(1 Due to a number of Positive and n
s e

denominatior of eaeq term,

SOMIC CITor s always there.

gative signs in th
the chance of com
mitu.q

Comparisons Between Lagrange and Newton Interpolatlonx

The Lagrange and Newton interpolating formulas provide two
different forms for an interpolating polynomial, even though the interpolating

polynomial is unique.

s Lagrange method is numerically unstable but Newton's method is usually
numerically stable and computationally efficient.

s Newton formula is much better for computation than the Lagrange formula.

% Lagrange form is most often used for deriving formulas for approximating

derivatives and integrals

% Lagrange's form is more efficient then the Newton's formula when you have

to interpolate several data sets on the same data points.
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