Separation of variables

If P and Q are function of two variables xand y, then the general first order and first
degree ODE can be written as
d
P(x,y) +Q(x,y)5> =0
d x
or, P(x,y) dx+Q(x,y) dy =0
If these equations can be written as
dy
fox)+f — =0
1 ) 2 (y) dx
or, f,(x)dx+f,(y)dy=0
by some algebraic manipulation, then the variables are said to be separated. Integrated both

sides,
[ fo(x)dx+[ fo(y)dy=c
or, F,(x) +F,(y) =c.

Problem-1: Solve the ODE: Z—i’ = 2xy
Solution: Given that,

dy
=2
dx xy
Separating variables we obtain,
dy
— = 2xdx
Now, integrating,
dy
—=2 f xdx
y

or,Iny = 2%2+lnc
or,Iny =x%+1Inc
or,Iny = Ine* +1Inc
or,Iny = ln(ce"z)

Ly = ce"2
Problem-2: Solve the ODE: & = — 2~
dx x+1
Solution: Given that,
dy xy
dx  x+1
Separating variables we obtain,
dy  xdx
y  x+1
Y (1L
or,~, = (1 x+1)

Now, integrating,




or,Iny =—x+In(x+ 1) +1Inc

or,Iny=Ine™* +In(x+1)+1Inc

or,Iny = In(ce ™ (x + 1))
~y=ce*(x+1)

_ x4l

Problem-3: Solve the ODE: Z—z ==

Solution: Given that,
dy x+1

dx  y?

Separating variables we obtain,
y2dy = (x + 1)dx
Now, integrating,

fyzdy = f(x + 1)dx

3 2
X

OT',—y =—+x+c
3 2

Problem-4: Solve the ODE: Z—i’ =x2%y
Solution: Given that,

dy _ X2
) ) _ dx y
Separating variables we obtain,
dy o,
— =x“dx

Now, integrating,

y
d
f—y=fx2dx
y

x3
or,Iny =?+lnc

%3

or,Iny=Ines +Inc
x3
or,Iny =1In (ce?>

%3

A y = Ce?

Problem-5: Solve the ODE: Z—i’ = Xty

Solution: Given that,

d_y = Xty
%
or,—y =e*. eV
- - - dx
Separating variables we obtain,

d_y =e*dx
ey
or,eYdy = e*dx

fe‘ydyzfexdx

or,—e YV =e*+c¢
Problem-6: Solve the ODE: Z—z =eXV

Now, integrating,



Solution: Given that,

Separating variables we obtain,

Now, integrating,

feydy=fexdx

or,e?Y =e*+c¢

Problem-7: Solve the ODE: Z—i’ = g2X+3y
Solution: Given that,
d_y 2x+3y

=e
dx .
or, 22 = 2% g3¥
i i . dx
Separating variables we obtain,
a4y _ pox
oy —edx

or,e dy = e**dx

fe‘3ydy= fezxdx

e—3Y e2%

or, =—+c
-3 2

Problem-8: Solve the ODE: xj—i’ =(1-2x%*)tany
Solution: Given that,

Now, integrating,

d
xd—z =(1-2x?)tany
Separating variables we obtain,
dy 1-—2x?
= dx
tany X

or,cotydy = G — Zx) dx

1
fcotydyzf(;—Zx)dx

2
or,Insiny =Inx — 2%+lnc

Now, integrating,

or,Insiny =Inx —x? +1Inc
or,Insiny =Inx + Ine=** +Inc
or,Insiny = ln(cx.e‘xz)

. —x2
~siny =cx.e



Problems for solution
1. cosydy = sec’x dx
5cos?y dx + csc’xdy =0
(e¥+1)cosxdy +eY(sinx+1)dx =0
xsinydx = (x?+ 1) cosy dy
dy _ 7xe®
dx  5+3x2
Z—i’ = (1 + y?)sin2x e

o g krowd

Some real life problem

(Q) The marginal cost function for producing x units is MC = 23+16x — 3x2and the total cost
for producing 1 unit is Rs.40. Find the total cost function and the average cost function.
Solution:

Let C(x) be the total cost function where X is the number of units of output. Then

‘éx—c = MC =23 + 16¢ — 352

I%dx = [(23+16c — 3x2)dx+ &
C =23x + &2 — x3 + k, where % is a constant
At x=1, Clx)=40 (given)
231+ 8(1P -1 +k=40 = k =10
Total cost function C&) = 23x + &2 —x° + 10

Total cost function
X

_ 23x+8x* —x' +10
X

Average cost function =23 + & — x?

Average cost function =

.10
X

(Q) What is the general form of the demand equation which has a constant elasticity of -1?
Solution :
Let x be the quantity demanded at price p. Then the elasticity is given by

P odx
Ny x dp )
Giveniﬁ =1 = &= @ = J‘@: I—p +log &
X dp X P X P
= logx=log p +logk, where & is a constant.
= logx=logkp = x=kp = pZ%x

1e. p=cx, wherec= % 1s a constant



(Q) The relationship between the cost of operating a warehouse and the number of units of
items stored in it is given by % = ax + b where C is the monthly cost of operating the

warehouse and x is the number of units of items in storage. Find C as a function of x if C =
CO when x = 0.

Solution :
Given % —ax+b .. dC=(ax +b)dx
j dC = j(ax+ bYdx + k, (k is a constant)

= C = axT2+bx +k,

whenx =0, C=C, = (1)= c0=%(0) +B(0) + k
= k=G,

Hence the cost function 1s given by

a

C=3

x2+bx+C0



