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41 | Using (i) Newton's forward difference Jormula and (ii)
Newton's backward diﬂ'érence formﬁla, derive expressions for the
first and second derivatives of a function. =

Hence also prove that [(i) fAEoma e NPT Fq 932 (ii) FCoAT
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234 Numerical Analysis
Solution : (i) We have Newion's forward difference formula iq
A?yq ' (A3
y(X) = yo + uAy, +ufu - 1)'—;2'1“' +ufu-1) u- 2)"5’“"
: A4Y0
+ufu-1)(u-2)(u-3) 4l o i TL F
Ay, | A%y
= Yo + UAy, + (u? -—u)—;—0 + (L3 -.3u? +2u) 3|
~ 4 63 2 A%Yo |
+(u* -6u’ + 11u? - 6u) a1 o e (1)
X - : S
where u = st ‘ _EI_Q =l.
. h dx h
Differentiating (1) with respect to x we get,
dy _d e A%y, A3
dx dx [(YO + uAyg + (U? —u) o1 +(ud - 3u? +2u] 3!}’0
Y4t -6us +11u2 - 6u) yo+..‘ ...... ]
e e . 4l .
d | . AzYo. A3
' =d:[Yo + u_Ay0‘.+ (u2 = u) ‘.."2_!.-0':-17 (ud - 3u? + 2u) 3?0
3 Ay
+(u* - 6ud +11u2= 6u) Yo S S ]_d_u
. , ! dx
y gl o cameray AfYo nn il S moly A3y )
| h[Ay?.f b b T 2
and Ve ey |
3 _« 2 iy & 220
e ff(‘h} 18u +2'2u:—:'3‘.1‘) it ] ......... (2)
d?y 1°d|. A2 yo. - 3
o2oh du[Ayo + (2u - l)_ o1 + (3u? - 6u + 2) —3-?,—0
‘, A4
+(4ud - 18u2 + 22u-6) =0, :l-d“q
1[ A2 Syo | ip o
e _____Y_Q A Yo i A4 '
_h2[2. 21" -+ (611 - 6) 3y + (12u2 - 36u +22) »_4~Ty0_+ ‘“]
= A2y, + 3 12u2 oo AYo
bl 420 + (0= 1) 850 + (202 - seu s 22520, ]
- 4!

Hence (2) and (3) are the 1st and 2nd derivatives respectively of
a function with regards to Newtons forward difference formula.
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, 235
(if) We have Newton‘s backward difference formulais
\V; 22_}' Vyn
y(x) =¥n + UVYn + u(u + 1) 2!‘ +uu -+ 1) (u + 2)7‘73’1—
. &
+uu+1)u+2) (u+3)- L + el
: ' sz V3
=Yn+uvyn+_(u2+u) 2!n+(u3+3u2+2u) 3'n
, A% | |
+ (U +6ud + 11u2 + 6u0) 4?“ a7 T B % S RE— (4)
, X = X du | 1
re u =
WS h dx h
Differentiating (4) with respect to x we get
dy d ) Vy, V3yrl
&f&‘u‘ Vn + UVy, + ‘(uk + u) 2l L (u3 + 3u2 + 2u) "a b
4 (U4 3 2 —
+ (u* + Qu +'11u + 6u) a + dx
1 | . V2ya | VSYn
=h|:‘?yn + (2u + 1) ol + (Su% + 6u +2) 3 Y
" l _ V4yn.""‘ o
+ (41.13 + 18112 + 22]_1 + 6 ) e seaneees (5)
Ry 1d[_ V‘-"y , oV,
_;T-}:—c;u—{vy" +(2u + 1) + (3u + 6u + 2) ar
ol A‘*y sl
T 7/ R 18u2 +22u ¥ 6) o

V2 3 Ve
_1[2; 22’ + (6u + 6) y +(12u2+36u+22) 4!f1i :‘

Vs
i 4 : '." { £ trely LY 2% :y \ %
=_2[V2yni+_ (u'+1) V3yn“+ (12u? + 36u + 2_2)“ a1 '*‘:.-A-q---jl--(ﬁ)

Hence: (5) and (6) are the 1st and 2nd derivatwes respe( tively of
a function with regards to Newtons backward dtfference formula.

2nd pard:“At the point x =X (in a particuhr case) we get from

forward formula u = 0 R Y 73 S
Hence on substituting this value of u we get

 m
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238 Numerical Analysis a
ut - 2u? - u? +2u —
+——-——-l- Zg- B Wt (A4y_2 + A4y__ ]) F cecssscocesss ] A
1 2u - ) 6u? -6u+1 .
,,[Ayo +—“‘;—' (A2y.; *+ &%Yo) * 12 Y-1
3 _942 —
+2u 3;4_ u+ 1 (A4y_2+A4y_!)+ ......... }
dy 11 Su=1-
c_ix-?:h_?[g (A%y_; +A%yo) + A%y-1
2 _ 6y — ‘
+ ol 2{3}” 1 (A%y_o + Aty )t ... ]
ddy 1 2u -1
d_“xg=§[&3y_1 AT (Aty_o + Aty 1) # e }

4.3 | Derive the expfess’i'on.‘s of first derivative of Newtons
general interpolation formula [ﬁ'@?ﬁ? FIIIY HIE 57« Fegq< &35

AT FIfAE @7 F9 1]
Solution : We have the Newton's general interpolation
formula is ' = .
fx) = o) + (x — o) {0, X;) + (x = Xo) (x —x1) flxo. X1 o)
_ +(x - %0) (x - %) (x —Xp) f(x0. Xy, Xp, X3)
+ (x — %0) (x —x1) (X~ %) (X ~ X3) f(Xg. X1, X0, X3. X4) + weee
Differentiating w. r. to X, we get.
P(x) = flxg, x;) + {(x — X0) + (x = X1)} f(X0 X1, Xo)'
+{x—xp) (x—x) + (X*Xo) (X_— Xz)‘j- x-x) (x- X))
f(xg. X1, X, Xg) + {(x = Xo) (x —X1) (x ~ %) + (x - Xo) (x - x7) [x - x3)
+ (X~ Xo) (x - Xg) (x—=X3) + (x—x;) (x - xg) (X - x3)}
{0, X114 X, X3, Xg) + corvvnenicin i

. . dy '
4.1-1 | Find 2, atx = 1 from the following table ; [t TR

d
Wx=1ﬁwa‘§ﬁfﬁlﬂll

x 1 _ ) 3 4
y 198669 | 205520 | 389418 479425 | 564652

o
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Numerical Differentiation Y . 239

solution : Since the derivative js required at x = 1 which lies

1 the begining of the table. So Newton's forward formula is more
u,[able in this case.

' We form a forward difference tabte

(x4 ¥ 2y | A% | My | Aty | ady
1 (198669 | 96851 | -2953 | —938 | 39 8
‘2 |295520 | 93898 | -3891 | -899 | 47
3 |389418 | 90007 | -4790 | -852°
4 |479425 | 85217 | -5642
5 |564652 | 79575
6_|644217 o »
e
Newton's forward formula is |
_ -1) uf(u - 1)(u 2)
Y= Yo + ulyp + 2!» A% ¥4 8%y
u-Nm-2)u-3  up-1u-2)u-=-3)u-4)
i 41 T 5. Ao
bese ! A AL (1)
X - ko du 1
where u = =
Tdx h

Soat x=1,u=0 : ,
Differentiating (1) w. r. to x apd putting.u = 0 we get

ANEY DR SOOI SV SO DU
it o 0 S yo—szo SAyO?'4AY0 5AYO—...

(%Y !:96851 L (- 2053) += (- 938) - = (39) + =
(mJ_l -5 £2953) 1 (- 938~ 7(39) + = (8

= 98006.65
= 98007

Henceatx =1, Qy_ = 98007.
"dx

I 4.1-2 The tabulated values of thefunctlon J ‘\/_ are given

below, Fmd the first and second derivatives of the function at x =
50. [fiwswry = Yx PleneT SIfererT orawt 29
X = 50 f7re aas ¢ {8 swaaes @@ 99 1]

X B0 51 52 53 - b4 . BS 56
y 3.6840 | 3.7084 | 3.7325 | 3.7563 | 3.7798 | 3.8030 | 3.8259

N e

Scanned by CamScanner



240 “Numerical Analysis
Solution The'difference tablc of the data iq . .
g T T[T DG e R ',A?y,'
50 3.6840 0.0244 |, -0.0003
—B1- 3.7084 -1+~ --0.0241 [~ ~0:0003
52 |37325 ¢ .. |“ 00238 - | -0.0003 -
53 37563 ||, 00235 ~0.0003
54 3.7798 , 0.0232 ~0.0003 -
95 3.8030 +0.0229 Cptd
56 - |3.8259 1 _
Newton-Gregory forward.interpolation formula_ 1S - .' —
u(u - 1) o o
Y =Yo * udyp +— 7 A2y Ftreessesesss
o x-%. _dul
where u = O e ot
%=§1y_1_ '%=%|:Ay° +2u : A2Y0 + ceeennrnnns ] and
9 |
d—z=gli [A2yg + .......... ]
~ Atx =50 we getu ='.th° =0

..(dx)x;m,(dx)u . h[Ayo |

1
=0.0244 -~ (- 0. 0003) 0 02455

d2 , d2 |
(@ e (dxz)u & [Azyo]-— 00003

4 1-3 | Find the Ist, 2nd and 3rd denvatwes at the point

x = 1.00 of the function y = x r{x) tabulated below : [y =
Vx PR frewa Wﬁiwm' W x = 1.00 R%ro sy 9y 438 F
WBAPIT (A7 77 /]

x 1.00 1.05 110 |. 115 |._ 120 1.25 1.30
y= \[x | 1:00000| 1.02470 | 1.04881 | 1.07238 1.09544'| 1.11803 | 1.14017

. Solution : We form g difference table of the data :
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- i - 24]
x| y=Vx | Ay | sy My
~1.00 | 1.00000 0.02470 | -0.00059 | 0.00005 |

1.05 | 1.02470 0.02411 ' | -0.00054 | 0.00004
'1.10 | 1.04881 02357 | -0.0050 | 0.00002

1.15 | 1.07238 0.2307 ~0.00048 | 0.00003

1.20 | 1.09544 0.02259 | -0.00045

125 |1.11803 0.02214 |

1.30 | 1.14017 ’

Newton's forward interpolation formula is

y(x) ==-}’o + uAy, +u(u2;— 1)_-A2 +u(u D u-2)

Yo 3 AsyO"*' ...... .(1) :
where u =— il
H 1.00, Xo = 1.00, h = 05 100_100 o
Herex = o 005
Now dlfferentlatmg (1) w. r. to xand puttmg ‘u=0

. Weget , _ , : e .
ﬂ “__1_ . | l 2 l ‘.3 ] '
2yy .1 : i

(Ex_; u=0 hZ [A2y, - A%yo]

d3y 1 ;Y
(‘d;)u 0‘= Es [A3YO] el oy
Putting the value of certain difference we get &
dyy e odyy ~ U 1Y ‘
dx) u'-O iz (dx) x=1.00 -0.05

0.02470 - = (— 0. 00059) 1PN (O 00005)]

=0. 500233 |
d2 d2 f
(dx u=0 (dx x=100:

{is 1 R
=05 [~ 0.00059 - 0.00005)]

=-0.256 b Al

NUMERICAL ANALYSIS—16
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Numerical Ana‘lysis

d3y d3y 1
Y _ (4ly = ——— [0.00005] =0.4
(d‘\::})_u:o ((1"\{3) X =1.00 (0.05)3 [ ]

which are the required derivatives at the mentioned point.
Note : The function tabulated above is

242

y=Vx |
dy , dy
T =—x-1/2 —= =0,
dx 2)\ :(dx)x=l.00 0
Ry 1 d2y M
—L == v -3/2 — [ —F =-0.250
dx? 4% - (dx2)x= 1.00 0.25 -
dcy 3 ° d3y
—L == -5/2 — =0.
e 8X =>(dx3)x=1.oo 0.375
4.1-4 | Find the first, second and third derivatives bf the
Junction tabulated below, at the point x = 1.5. , |
x 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 | 7.000 | 13.625°| 24.000 | 38.875 | 59.000
Solution : Form a forward difference table : .
x _ y Ay A2y A3y
1.5 3.375 % 3625 3.000 0.750
2.0 [7.000 6.625 3.750 ~ 0.750
2.5 13.625 10.375 - 4.500 - 0.750
3.0 |24.000 14.875. |  5.250
3.5 38875 | 20125 |
4.0 | 59.000 | e
We have r\'iewtonk's_fprwa‘lrd 'forrmila is -
u(u - 1) uu-1) u-2)
y=Yyo t uldyg * T %y ¥ : A3Yo * .
| 2 AL
whéreu'x—xo ‘c'l“l"l'-l
oy | Cheess W dxitish '
dy _1[ - 2u- 3u? - 6u + 2
..dx-h Ayg + AzyO. 6 A Yot ]
dy 1 .. LR
: d-;:}z—,:ﬁ [A2yo +(u-1) Adyq+ ] ‘
‘ ﬁb'};—g [AsyO+ ............. ]
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Numericgl Differen tiation 243

gere Xo = 1.5andh=05 -

AN : [
( E()\ s 5[3 625 - (3.000) Yy (0.750)] = 4.750

d?y
(CL\'Q x=15

&Py erin i
(dx"”)\ 15 0.125 [0'750]=6-000

= e e 000 (0.750) ] = 9.000

Thus at x = 1.5,
dy _ dzy d3y
- 4.75, &2 =9 and@ =6
| Sbiad el
f’-li Fmd the derwatwe of ﬂx) atx=0.4 from the following
ple: " ‘ |
_x 0.1 0.2 03 0.4
- ix) 1.10517 1.22140 | 1.34986 1.49182

Solution : Since the derivative is required at x = 0.4, which is -
tthe end of the table. Therefore we shall use Newton's backward
mula. The difference table is given below :

X f(x) Vi(x) - V21(x). V3{(x)
0.1 1.10517 TR L 3 '
02 |1.22140 0.11623 | = |
0.3 1.34986 0.12846 |- 0.01223
0.4 1.49182 0.14196 0.01350 0.00127
Newton's backward formula is
; u(u + u(u + 1) (u + 2)
b - flx) + uvifees) + — V°ﬂXn) g Voflxy) +.
; Xx-Xp da_1
_whereu=_ -y =>dx—h T s i
; 1 © 3u?+6ut2 51 e
Plx) = “[Vf[xn) i+ 2“ v2 floxn) + al V?_f(xn) 8. ...7..? 5
Herex=04, x,= 04 h= 01 su=0 "

P .
f(o 4) = L[Vf(o 4) + — Vﬂf(o 4) + V3f(0 4) + . it ] ’

= 10[0.14196 4= (0.1350) + —,(0,00127)] LY

= 1.4913
Thus the derivative of fx) at x 0. 4 is 1.4913
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Numerical Differentiation
70-3 | Find the value of (0.04) from the following table :
<] 001 0.02 003 | 004 | 005 | 0.06
f(x) 0.1023 | 0.1047 ] 0.1071 | 0.1096 | 0.1122 | 0.1148

solution : Here we want to find the derivative at the point x =

)04 which lies near the middle of the table. So we should use any
entral difference formula.

Here h = 0.01, taking xg
jifference table is,

247

0.04 as the origin the central

x-004| x |y Ay | A2y | A3y Aty
~ 001 .
- -3 0.01 10.1023 .10.0024 0 0.0001 |- 0.0001
-2 0.02 | 0.1047 {0.0024 | 0.0001 0 - 0.0001
=] 1 0.03 0.1071 | 0.0025 | 0.0001}| - 0.0001
0 1 0.04 10.1096 |0.0026 0 -
1 0.05 10.1122 | 0.0026
2 0.06 10.1148 ‘
The Gauss's forward formula is ,
' A2y_y o - mAS Y
_ _ 2. :
y=Yo + UAyp +u(u 1) o +ufu?-1) 3!
' A'y_ o
+ uu?-1) (u—2) Tl + oL al
& _dy du 1 & [ u__X—Xo]
dx du dx- h.dx RS 8 X
1 ARy o A%Yay
4 Ayo +(2u-1) '." (3u2 - 1) 31

‘ Aty_ o :
+ (4u3 6u2 2u +2) Z‘ 2] '
Atx=0.04,u=0.

N [ 006 oooo"1+0001 | 2"( 6601]
(dx)x 0.04 001 OO. —1 i, .6 24 ) W
- 0.2558 | -

Hence the required result is {(0.04) = 0 2558 et ok,

‘ 4.24 | Fmd the first and second derivatives from the |
fouow‘-"gtableatx p o AN i M YN

0.7 0.8 0.9 1,0 1\ i
0.644218 | 0.717356 | 0.783327 | 0.841471 | 0.891207

fio R M3
0.932039 | 0.963558 |
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248 . Numerical Analysis, .
Solution : To find the derivatives at x = 1.0 (the middle of the
table) we form a central difference labl( with thc glvcn data :

X-%5| x 'y Ay | A%y A3y Ay |
u=—;— - '
-3 0.7 | 0.644218 | 0073138 | - 0.007167 | - 0.000660 | 0.000079
-2 0.8 [ 0.717356 | 0.065971 | - 0.007827 | - 0.000581 | 0.000085
-1 0.9 | 0.783327 | 0.058144 | -0.008408 | —0.000496 | 0.000087
0 1.0 | 0.841471 | 0.048736 | -0.008904 | —0.000409 |
2 1.1 | 0.891207 | 0.040832 | -0.009313 |
2 1.2 | 0.932039 | 0031519
3 113]o963sss |
We have the Stirling's formula is :
Ay_ | + Ay, u? : u(u2 1) A%y,
y = y0+u 5 - +‘5‘ 2y_ T g o
3 1oh SERITITIN Y .
P_%My_z + e (1)
Wheré u= "0 @ R
h dx h

Taking x, = 1. Oastheongmwegetu 0
Differentiating (1) W. I.t0 X and putting u = 0, we get

dyy _(dy I[AY—I tAyo 1A%, +A3y_]
(dx)ho'(dx)x 10 h 2 .., 8=t 1

1-
O 1 [ (0. 58144 + 0. 048736) 12 ¢ ( 0 000581 0. 000496)}

- =0.535296666 | et |
= 0 535297 approx. e

4.2-5 | Fmd ﬁrst and second derwatwes Qf the function given
belowatthepomtx 1.2 :
x]. . 1 o 8 TN 5

Solution : Since the derivatives are required at = 1.2, which

hés near the beginning Of the table So We shall use Newton's
forward formula.. ! . " U

| )

LI i §

A R e —————
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Numerical Differentiation 249

the forward difference table is
~x | ¥ Ay A%y A3y Aty
—1 | o0 1 3 -6 10

9 - 1 4 -3 4

3 5 1 wg 6 U

4, 6 2

5 8

e have the Newlon's forward Tormula
u(u-1) ) +u(u— 1) (u-2)

y=yo+u‘§YO + 2' A YO 8' ‘ L AgYO
uu-1)(u-2) (u-23) b )
+ 4! A yO+ .............
X—-Xo du 1
where u =—; —=— ==
: h dx h’ :
du dy du 1d. u-u ud - 3u? +2u
——— — A2 3
dx du'dx_hdu[yofu,Ayof g1 AVt T A%o
| | u! -6ud + 11w -6u
+ 7 ar A yo+ .........
1 2u-1 2 3uZ-6u+2 p
Th| Aot ATyt A%y
- » ' u3‘—18u2+22u'—6uA4
TR el
@y 1 . 6u2-18u+1l
@.:E Azyo +(u— 1) Asyo + 12 4 A y0+ .............
Herex=12,xy;=1,h=1..u= o =*5_»

(dy [, 12 l(ﬁ_é )
“(dx)x=1.2_1[1+2(5-1)'3 625 5 (6)

| . 18 22 ‘
: +§141 -1_;—4 ég 5 )(IO)jl
.="—",]‘7‘§5'§=-1.773 , ' Yl |
2 JC TRy RN
(g;g)x=12=11§|:3+(—é—‘1)( ° +%2_(.2_5--—g )(10)]
-_-.§-5-.="v14.‘167

Scanned by CamScanner



250 ' Numerical Ax-galysis
4.2-6 | Find the first and second derivatives of the function

tabulated below at the point x=1.1: |
X 1.0 1.2 | 14 1.6 1.8 20 |
f(x) 0 | 0.1280 | 0.5440 | 1.2960 | 2.4320 | 4.0000 |

Solution : Since the derivatives are required at x = 1.1, which
is near the beginning of the table. So Newtons forward flormulalis
suitable for this case. |
The forward difference table is

X f(x) Af(x) A2 f(x) A3 f(x)

1.0 0.0000 0.1280 ~ 0.2880 0.0480

1.2 | 0.1280 0.4160 10.3360 0.0480

1.4 0.5440 0.7520 0.3840 0.0480 |
1.6 | 1.2960 1.1360 | 04320 | |
1.8 2.4320 1.5680 |
2.0 4.0000| ¢

Newton's forward formula is
-1 ' u(u ~1)(u-2)
( 2 ) Azf(XO)

‘x—xo du 1
where u =

y =Yo * uAflxg) + A3f(xq) +

31 |

h dx h
' 3u? -6u +
R T

dy

1
W, x h[Af(Xo)

-1 Azf( ‘) +
5 Ao )
2y 1 £ 4
%_XZ;_h_Q [A2f(xo) + (u 1) A3 f(xo] + ............. ]

" Herex=1.1,%x=1.0,h= 02

Thusweget i TR

(dy ) —_— [o 128040 +7 1 (3 D 2) (0.0480)].

dx Jx=11" T 0.2 G642, )7 v

= 0.63 ‘ : ey

dz 1 1 w : : : \

and (—dez }le 4= E[O 2880 +( 5 )’[0;0480)]' ._
tkego " M REL L A

Thus at the point x = 1.1, the ﬁrst and, second ‘derivatives of
the function are 0.63 and 6.60 rcqpecuvely . |

- -.._,, B> 2 3 00 e ,_‘
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254 | ~ Numer ical Analy sis

f'(2.5)= | [(2 -1)(2.5- 3)4(25~|)(25 6)+ (2.5- '8)(2.5- 6)1

+~% [2.525-3) +2.5 (2.5 -6)+ (2.5~ 3) (2.5~ 6]
1 | S ~

31
18

[2.5 2.5 1) +2.5 (2:5-6) + (2.5~ 1) 2.5-6)

¢

S [25025-1)+25@25-3)+ 2.5-1)(2.5-3)]

= 19.75

4.5-1 | From thefollauﬁrig‘tablve, find x correct to two decimal

‘places, for which y is maximum and fi ind this value of y. [A%7
ST O y avmmw»wﬁwﬁammwﬁﬁw
Gy cﬂa&mﬁ\smwd s

X 1.2 13| 14 1.5, 1.6
f(x) | 0.9320 | 09636 | 0.9855 0.9975 | 0.9996
Solution : Form a dxfference table of the: glven data:
x |y ‘ A(y) R AT A3y
12 | 09320 ‘;o 0316 | -00097 | -0.0002
13 | 09636 00218 | -0.0099 0
1,455 0.9855 | 0.0120 | —'0'.00994-_
15 | 09975| 00021 -| W
16 | 0.9996| oL TIO G
From Newtons Gregory forward formula We have
Y=Y + utyo (2;- T U(u-le)u(u ‘%?.A% P
whereu=.xwrXO =>9‘J'-“1“ iR E
ah T de . < |
. dy _dy du, '
" dx dudx i -, i | |
hl[Ay + 2u2; 1 A?yo¥ 2 ‘_S?u' *2 Ao + ..., ]
= ik o= lomiion
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- Numerical Differentiation 255
g2 | | |
i lovo vy v
dy
dx .

l[A +2u—1A2' +3u2-—6u+2
:bh Yo 9 Yo s

We know, for maximum value of y,

AayO, N TR ]= 0

; 2u-1 ;
= 0.03 1_6 + (- 0.0097) + negligible tems =0

__1_{2 x (0.0316) _ 1]
U 50 0.0097)
=3.757731959

x-1.2

= = 3.757731959

= x=1.575773196
~.x=1.58

dzyy -
1 Now (dx2)x e . 1)2
, So at x = 1.58, the value of yis mammum And the value of y at
|x=1.581is - o

[ 0. 0097] negative quantity.

: y ;L (3.7577) (3. 7577 - 1)
0.932 + (3.7577) (O,'0'316) + - o .

y (1.58) = (- 0.0097)

| =1.ooo48'-
[ oo
‘1et.hevalueofyisl * 1 §om g M
Note : MﬁWWW%WWIWtabZeQSrd
difference cﬂ?ﬂﬁﬁ??‘/ﬁaf'zﬁﬂif@ ’2’?17 W?Brd dl[ference tﬂ?\ CEIES

WWWW! e

Find the maximum and minimum values of the

4.5-2
* Sfunction tabulated below by using Bessels formula
% 0 B0 1) 2 8. | 4 .5
y 0 025 | 0 225 | 16.00 | 56.25
| Solution : Taking x = 2 as the origin, the central difference
table is : : ;
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258 | Numerical Analysis
- The stirlings formula is

AO_; + AGpy 12 uu? - 1)(A%0 + %0,
0=yp +u("—“‘2 )+—5 A20_y + 3| 9
ww-1) o uw?-1)u2-4) (A59_3 + A56-2)+
Py Nfag 51 \ 2 T
toto an 1
_whereu— h dt b
9 B di_1de
"dt du'dt h'du
1| AO_; + A8, 2.1
) +uA? 6, +- — (A30_, + A360_
h[  Dg s A 12 g ierh e
4ud - 2u _5u* - 15u? +4 |
i~ o4 A4y_2 +— 15 - (A58__3 +'A56."2)_+" ...... J

Butat t=0.6, u=0 .
(a8 [074+0085 1’ o
“\dt jt=0.06 - 0.02 ity gn (0 015)_

‘ +*(—0..14+o.034)].
L [0.795
~0.02 ,+000125+0000333]

=4.054167

Thus the required aﬁ ular vélbcit is
approximately. 4y 1 g’ N y is 4.054 rad/sec

4.54

The population of a town is given below in difference

tune Fmdtherateofgrwothqfthepopulauon in 1921 and 1961.

ﬁf@?wm@mmwwewmmw/ 1921 © 1961 I
TR I T AT T ] e
Year = | 1921 [ 1931 1941 1951
. : - 1961
Poupulation | 19.96 38.65 58 7701 1
thousand) 81 | 77.21 94.61
Solutlon

If we consider X as the year and yas the population.

then the rate of growth of the population becomes gy
, dx

dy 2y
;In o_rder to fi_nd E;Yc we form a difference table,

Scanned by CamScanner



Numerical Differentiation 259“
[Tk vy Py | TSNy | T
X y il VY
Ay Ay S A’y\\ Ay
1921 19.96 2
18.69 |
1931 | 3865 | | 1.47 |
20.16 -3.23
1941 | 5881 | -1.76 3.99
| 1840 0.76
1951 | 77.21 | — — 1O}
17.40 :
1961 | |94.61

q :
(i) To find &y atx = 1921 we. shall use Newtons forward formula

The formula is : .
ufu-1) ’ u(u 1) (u 2)

Y=Y0+‘;}AYO+ of AZYO o 3] = ‘7A3y0
+u(u—1)(u—2) (u —3'3)\ A4y0.+, ' ..... (1)1
S SL T S
- whereg» Al o L PO ' 'S ,
Atx=1921,u=0; [hereh_10x5—19211

Now differentiating (1) w. r. to x and putting u = . 0 we get

ﬂ dy oF se pilys (RN
(dx)u:O (dx)x 1921 , 21 g

1[ I % 1 3 1 i i
=H Ayo o — A Yo +3A yO 4A Yo +. ........

1 A £
-E[IS 69 - — (1 47) += (— 3 23) (3.99)] i+
= 1.588 | &

(ii) To find ai at X = 1961 we shall use Newton S beackward

formula (to get more accurate result)

The formula is.

U(u2 )V"’y}{ u(u + 1) (u+2)‘wyn,_ (M oy

l !
‘Y=yn+u yn 3!

l
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F ufu + 1) (U +2) (u+3),

V4yn+. |
41 | '
where u = h dx "h

Pl

Atx=1961,u=0;[hereh =10, xn-19611‘ by
Now dﬂferentxatmg (2) w. r. tox and putting u = 0 we get.

dyy - dyy
(dx)u.ﬁo _(dx)x = 1961

.............

1 o 3 l |
=E[Vyn + 5"V2yn +5V yn f4 Vit -eieeee

. ‘
—1_0[1740+—(— 1. O)‘*“(O 76)"'*(3 99)]

. =1.81508 . 1 = b
. Hence the rate of growth of the populations are 1 588 and
1.81508 in 1921 and 1961 respectlvely

SRAR

4.6-1 | For more practxce solue the follawmgs
(i) Find gy and QEZ at'x = = ‘3 O of the function tabul ' :
dx ax? 3.0 ¢ _ ulated below :
x | 3.0 3.2 384 [ “36 3.8 4.0
y 1-14.000)-10.032] -5.296| 0.256 | 6.672 | 14.000
dy\ - d? g
Answer (dx)x 30]_‘_8 (dxz)x o 7 =18

Note The function tabulated above is
y=x3-9x-14

dx

b e Bl
)x: ~_—3.32 9 18 (—(;X%,);S: 18

(siz

(ii) Find the 1st and 2nd derivatives of Inx at x = 500, after
taking the values of In 500, In 510, In 520 In 530, 540, In 550

correct to six decimal places.

(iii) Find £(1) for f(x)

Answer O 002000 and 0 0000040

(1

)2 usmg the followmg data :

x | 10 | 11 12 | 1a 1.4
flx) | 0.2500 | 0.2268 | 02066 | 0.1890 | 01736
- " Answer; -0.25
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| @iv) Find £(15) and '(15) of f(x) = Vx from the following data :

. X 15 17 19 21 23
f(x) 3.8730 | 4.1231 4.3589 4.5826 4,7958
Answer : {(15) = 0.1365 and f’(15) = 0.0161
(v) Find 1st and 2nd derivatives at x = 1.6 1rom the following
table :
| X 1.0 1.1 1.2 1.3 1.4 1.5 1.6
_1 7.989 | 8.40318.781 ] 9.129 | 9.451 | 9.750 10.031
Answer : 2.732 and - 1.475
(vi) Find {(0.5) from the following table :
x | 035 | 040 | 0.45 | 0.50 | 0.55 0.60 0.65
fix) | 1.521'| 1.506 | 1.488|1.467|1.444| 1. 418 1.389
; Answer : {(0.5)=- 0.44
(vii) Find y’(1) from the following table :

x Jo .08 — 0.9 Sl e L L | 1.2

y |0.717356 | 0.783327 | 0.841471 0.891207 | 0.932039
_ g - Answer : y ‘(1) = 0.54030
(viii) Find f(x) and f’(x) at x = 1, given that .
X -2 ©=] 0 Lol G210 3
f(x) 104 wiaZ o0 - 0 -1 8 69
. Answer: (1) =1, f'(1) =
(ix) Fmd f’ (x) at X = 93 from the following table :
X 60 - 75 90 105 | 120
f(x) . 28.'2 1 38.2 " 483.2.-. 40.9 . - 33.7
~Answer : f(x)=-0.036271
(x) From the followmg table, find (5 1) : R
X 50 60 |. 70 - 80 ~ 90
f(x) 19.96°| 36.65 5881 | 77.21 | 94.61

Answer : f (51) = 031584
(xi) From. the followmg table find f ’(10) :. ‘

X 3 5 11 27 34
f(x) —~ 13 23 899 17315 __ 35605
- v Answer: 233
(xii) A curves! passes through (1 0), (2, 1) (4, 5) (8,.21),
(10, 25), Find its slope at x =4, : Ansewer : 2.883

(xiii) Find {”(5) from the given values by using divided
difference.
X 2 4 9 13 16 21 29
fix) | 57 | 1345 | 66340 | 402052 | 1118209 | 4287844 | 21242820

(xiv) A slider (ﬁ@f.‘ﬂ W@ AL, 999 IF) moves along a fixed

1s;,trla ight line. Its distance 'x' cm in various times 't' sec are given
elow. | |

- - i
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262 Numerical Analysis
t 0 0.1 0.2 0.3 0.4 0.5 0.6
x | 30.13 | 31.62 | 32.87 | 3364 | 3395 33.81 33.24

Find (a) the velocity of the slider and its acceleration att =0.3
Answer : 5.34cm/sec and - 45.6 cm/sec?
(xv) The following table gives the angular displacement g
(readians) at different intervals of time t (sec). Calculate the
angular velicity and accelertion at time t = 0.6.
' t 0 0.2 04 0.6 0.8 - 1.0
6 0 0.12 | 0.49 1.12 2.02 3.20

- Answer : velocity 3.81665 rad/see; Acceleration 6.75 rasec

(xvi) The following data gives the corresponding values for

pressure p and volume v. Find the rate of change of pressure with
respect to the volume'v = 2

v 2 4
. P 105 42.7

6
5.3

8
| 16.7

10
13
' = o At ¢ papis Answer: —52.4
- (xvii) Find the value of x for which y-is:minimum and find y in
that place of x from the following tabel

X 0.60 | .- 0.65: 070 0.75
\'4 - 0.6221 0.6155 0.6138 0.6170
_‘ S © ... Answer: x=0.699235 andy =0.61374
(xviii) Find the value of x for which y is minimum-: of
X | 060 | 065 | 070 0.80
y | 036 | 04225 | 040 0.64 -
' o A Answer: 0
xix) Given a table of values of x and wan | '
x Lo, L Li2f L a6 [ 1.8 2.0 2.2
Y 12.7183 | 3.3201 ~2.0552 |4.9530 | 6.0496 | 7.3891 9.0250
Ay 2 2 '
(a) Find-gf‘: andgx‘% at.x’=' 1.2 iAnswer:(—sxxss.szos%{g:s.sls :

v '

BT i
) Find "L atx = 2 anq 2.2

A " 4 i 3 d ‘g‘».l, ,3 ;
., Answer: (Eﬁ) , = 73896, (‘-’X)O . =9.0228

-

formula,

i cood : d2 dx

(c) Fmda‘zanda;gat x=186

( - Kb Answer : (dx)t.e = 4.9530, (d}@)la =4.9525
~ (xx) ‘Derive h

the

Sca.hnéd by CamScanner



