Transformation
Solved Problems: Problem 01

Derive the iransformation that rotates an object point ' about the ongin. Write the matnx
representation for this rotation.

SOLUTION
Refer 1o Fig. 413, Defimtion of the tngopometnc functhons sin and cos yields
¥ =rew(f+d)  V =rsin(@+ @)

T = o g Y= FIT i
Using trigonometnc idenlibes, we oblain
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Solved Problems: Problem 02

(@) Find the matrix that represents rotation of an object by 30° about the origin,
() What are the new coordinates of the point P(2, =4) after the rotation?

SOLUTION
(@} From Prob. 4.1:

B coa 30" —sin30FYy
W= smur cos 3P
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(B) So the new coondmates can be found by multiplying:
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Solved Problems: Problem 3

Write the general form of the matnx for rotation about a point Ak, k).
SOLUTION

Following Prob, 4.3, we wnite Ry =T, - & 1, where v = Al + A4, Using the 3 x 3 homogeneous
cocrdinate form for the rotation and translation matrices, we hive
(1 0 &\ fcosl) =sinif) 0% /1 0 =h)
Rip={0 1 k[|anlf) coff) O)|0 1 -4
oo ifbo 0 1Jloe o,
(coslll) =si{l) [=hcosif) + ksm{f) 4 4]
sini)  coslf) [ ~hsin(f) - kcoslf) + K]
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Solved Problems: Problem 4

Perform a 43° rotation of trangle A{0, 0), 8(1, 1), C(5, 2} (a) about the origin and (&) about
P(=1, =1).
SOLUTION

We represand the tnangle by a matnx formed from the homogeneous coondmates of the vertices:

A B C

g1 3
a1 2
11 1

{a} The matrix of rotation is

{2 ﬁ ﬂ‘n
cosd3  —gmd45” 0 2 ¥
R = || sind¥ cosdd” 0 | =] .32 2
0 0 l 5 3 U
L 0 0 14
S0 the coordinates 4'5'C of the rotated triangle A5C can be found as
4 B C
%
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2 2 2
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Ths A" m (0, ), B = (0, 7}, and = (32,5420



Solved Problems:

(¥ From Prob. 4.4, the rotation matrix is given by Koo p =T, - By - T_,, where v = -1 - 1. 5o

Py
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Solved Problems: Problem 5

Find the ransformation that scales (with respect to the ongin) by (2) g units in the X direction, (&) &
units in the ¥ direction, and (¢) simublaneously @ units in the X' direction and b unils in the ¥
direction.

SOLUTION

fa)

]

el

The scabing transformation apphed w a poinl Mz, ) prodoces the poant (2, ¥1. We can wnite thas in

(5 1)C)=(5)

Az i part {a), the required ransformation can be written in matrix form a5 8, ;- P, 50

(6 5)C)=(5)

Scaling in both directsons is deseribed by the ransformation ©' = ax and ¥ = by. Writing this in mairix

(3 2)()=(5)



Solved Problems: Problem 6

Magnify the triangle with vertices A(0, 0), 21, 1), and C(5, 2) to twice ils size while kecping
(S, 2) fixed

SOLUTION
Froo Prob, 4.7, s can weite the requibted wransformation with v = 501 4 27 as
Farpr=T,-853:-T
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Representing a point M wifh coordinetes (x, ) by the column wector (r). wiz hanee
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SoA = (=5, —IL & = (=30} and " = ({3, 2}). Motz that, since the tmangle ABC 15 compledely determamesd
by its vertices, we could have saved much writing by representing the vertices using a 3 = 3 matnix

1 5
[ABC) = |0 1 2
P 1 1
and applying 5; ; o to this. So

2 0o =3 o1 5 -5 =3 5
Si2p-|ABC)=|| 0 2 =2 o1 2| =| =2 0 2| =[48C]
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Solved Problems: Problem 7
Find the form of the matnx for reflection about a hne L with slope m and » intercept (0, b).

SOLUTION

Following Prob. 4.9 and appiving the fact that the angle of inchnation of & line 15 related to 1ts slope m by
the equahon tan{lf) = m, we have with v = AJ,

ML:TEIHU-HI.R'FII-'|

| 0 0% feosil) —wmmi) 0% /1 O 0 cos(fl mmiff) 0% /1 O 0
=|0 1 b{| s cosi® OJ0 <=1 O] st cos) O[]0 1 =b
0ol 0 g 1/\0 o1 0 o 1f\e o0 I

Now if an{f) = m, standard trigonometry yields sin{8) = m/+/a7 + | and cos{fl) = 1/v/s + 1. Substif-
ing these values for sin() and cos(f) after matrix mubtiplication, we have

r‘l—ml pl —1.&-.‘1
Al w4+l m+1
M= Im w-1 b
]l o+l w4
L0 0 1)




Solved Problems: Problem 8

Reflect the diamond-shaped polygon whose vertices are A(—1, 0), B0, —2), C(1,0), and N0, 2}
about {z)} the horizonial line y = 2, {F) the vertical line x = 2, and () the ine y =x + 2.

SOLUTION
We represent the vertices of the polygon by the homogeneous coordinate mairix

—1 o 1 0
= & - ¢ 2Z
1 1 | [

Froen Prob. 4.9, the refleciion mairix can be writien as
M, =T, -Bg-M_-R_a-T_,

(2) The iz v = I lhas p inbercept {0, 23 and makes an angle of 07 with the x axis. 5o with & = 0 and v = 2J,
the ransfonmation matrix is

I a0 1 o« 0 1 LU I o 1 1] 1 oo
My =1%o 1 2 o 1 o o =1 0 o1 o LU —2 =10 =1 4
o oo o1 o o 1 LH] o 1 o o 1 LU | 1 i} i} 1

This same matrix could have been obmimed directly by using the resulis of Prob. 4.10 with slope m = ¥
and p imteroept & = 2 To reflect ibe polygon, we set

A B O I

1 oo -1 o 1 o =1 O 1 @0

Ay P o )] —1 4 i =2 0 2z = 4 6 4 2
o LI | 1 I 1 & 1 1 1

Corverting froam homogeneous coordmades, 47 = (—1, 4}, 8 = (0, &), £ = (1, 4}, aod O = (), Z).

()  The vertical line x = 2 has no y intercept and an infinide slope! We can use M, reflection about the »
axis, o write the desired reflection by (1) trunslasing the given hine tosos unidts over B the w axis, (2) reflect
albwoart the » axis, and (3} manslase back two umits. So with v = 21,

M, =T, M .T_,

—1 o O a2 —1 o 4
]( 4 1 O ](n i n]=[ o 1 u]
[ ] 1 W 0 1 o o 1
(-a (1] 4](-] a 1 n] (5 4 3 4)

M, F = o 1 @ 0 -2 o 2fj=f{0 -2 0o 2

a o1 1 1 1 1 1 1 1 1

or A = {5, 0} & = (4, =2}, £ = {3 0}, and I¥ = (4, 7}
(c} The line ¥ = xr -+ 2 has sbope 1| and a v intercept (0, 2), From Probe 4,10, with e = | and & = 2, we find

4] | -2
My=]1 o 2
oo 1

Thee required coordinates 4, &, ¥, and [F can mow be found.

a1 =z =1 LT T -2 —4 - a0
Ay o B o 1 i 2 L] -2 o 2z - 1 2 3 Z
LU 1 1 I F 1 1 1 I 1

So A = {—2 1), B ={—4 3 € = (—2 3} and [ =i}, 3}
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Solved Problems: Problem 9

An observer standing at te ongin sees a point P{1, 1), If the point 15 translated one unil in the
direction v = 1, 1t new coordinate position i8 P(2, ). Suppose instead that the observer stepped
back one unit along the r axis. What would be the apparent coordinates of P with respect 1o the
observer?

SOLUTION

The problem can be sl up as & transformation of coardinate systems, 1f we translate the ongin O in the
direstion ¥ = —1 (1o & new positios &t ) the coondmates of P m s system can be Tound by the translation

i

I
So the new coordinates are (2, 1), This has the following interpretation: 4 displacement of one unit tn a given
direction can be schieved by ethes moving the object forward or stepping back from .



Solved Problems: Problem 10

Find the equation of the circle () + ()’ = 1 in terms of xy coordinates, assuming that the 1y
coondinate system results from a scaling of a units in the x direction and b umts in the y direction.

SOLUTION
From the eguations for 2 coordinade scaling transformation, we find

Substitufing, we have

G-

Motice that as a result of scaling, the equation of the cirche is transformed fo the equation of an ellipse in the 1y
codrdinate sysiem,



Solved Problems: Problem 11

Find the equation of the lme ' = my’ 4 b in xy coordinates if the X'y coordinate system resuls
from a %" rofation of the xy coordinate sysiem.

SOLUTION
The folation coordingte transformation eguations can be wmtlén 4
¥ = xcof0') 4yl ¥ =y ¥ = =2sm{%0°) 4 yoos(90') = =x
Substituting, we find —x = iy + b, Solving for v, we have y = (- 1/m)x - bfm.



Solved Problems:

Problem 12

Define tifting as a rotation about the x axis followed by a rotation about the v axis: {a) find the tilting

matrix, (&) does the order of performing the rotation matter?

o

L
b
|

SOLUTION
fa)  We can fimd the regoired transformateon T by composing (comncatenating} tae rotation matnces:
IF'=~Rg 3 Ry
{ cosdl, O sindl O | L 0
0 1 L1 0 0 cosfl, —snf,
- simfl, 0 cosd O & sndl, ocosd,
T i L 1 L1 L i
( cosd,  sind sinf, sinf, cosd, 0
0 cos B —sam il 0
N -sinff, cosd sinf, cos@ cosdl, 0
R ¥ 0 i |
b} We multiply 8 g - R 5 0 obtsin the matrix
o ¥, 0 sim f,, 0
gin &, am cosdl,  —sind cosd, 0
—cosf sindl simd,  cosf cosl, O
0 0 0 I

This = not the same matnx as i part o) thoas the order of rotation matters.



Solved Problems:

SOLUTION

see Fug. G-Ha) Let ¥V = gl + &d + ¢k, We perform the alygnment through the following sequence of

transformations. [Figs. 6-4b) and 6-4{c)]:

[. Rotate about the x axis by an angle &, so that F° rotates indo the upper half of the x= plane (a5 the vector

'

2. Rotate the vector V, about the v axis by an angle =@ so that ¥, rotates to the positive 7 axis (as the

vector V, ).

Implementing step | from Fig. 6-4(b}, we observe that the required angle of rotation ) can be found by
loaking at the projection of YV onto the = plane. (We assume that & and © are not both zero.) From triangle

OF 8

sinfl, =

The required rotation is

Apphyving thes mdabion o the vector ¥V pmdeces the vector Y, with the componemts (a, 0, -..."F 4 F]

b B e e
7 rur- B Y~ g |

7 1 0 0 0y
0 : ___b f
B e I
0 b d i
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Problem 13

Find a transformation Ay which aligns a given vector ¥ with the vector K along the positive z axis.



Problem 13..

Solved Problems

Voouo+ ek

|
|
[
1
L

I
I
I
4
|
|
|
¥

.

P, & )

p—_———————

— e —— —



Solved Problems: Problem 13..

Implermeenting step 2 from Fag., &34 c), we see that a rotabion of —i, degrees is requined, and so fiom

triangle CCF:
Hoi—fy) = w0 = oy w4 Gou—i) = oo = iy
Theem
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Smee Y] = & + 82 + . and introducing the notation £ = B + o=, we find
Ay =R_p g Ra y

A —arf —ac
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If both & amed ¢ are zero, then % = @l and 50 4 = 0. In this case, only a 90" redation about the v axis
is required. So if 4 = 0, it follows theat
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o o O 1

In the same manner we caloulace the irmverse transformation that aligns the vector K with the wector 'V

-"'-u_-l == {R—GE.J '-Eri,_l] o= Rn_,l_l H:;'=_J - R—n,_r = Eﬂ._,.l
A =]
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Solved Problems: Problem 14

Find the transformation for mirror reflection with respect to 2 given plane. Refer to Fig. 69,
SOLUTION

Let the plane of reflection be specified by a normal vector N and a reference point Pofty, vy, &), To
reduce th reflection to @ mirror reflection with respect to the xy plane:

1. Translate P, to the origi: r‘
2, Algn the normal vector N with the vector K norial b the xy plane. “ | £
v
3, Perform the miror reflection in the 1 plan (Prob, 6.6), / :‘” :
4, Reverse steps | and 1, * | P
§a, with translation vector ¥ = —g0 =y - z,K e &5 Fle. &9
Ml'li,ﬂ:ﬂr'-l'-"!ﬁl'-ﬂ'f'fiﬂ'r\' 6.2, with [N| = /m} + 3 + m5 and 4 = /nf + 3, we find
Here, Ay, 15 the alignment matrix defined m Prob. 6.2 S0 if the vector N =1+ ryd + m K, then from Prob. i NGO MO
.4_.‘=“HT}_THE“ mre“'=;l_[r:lz%l%lﬂ
wow N N d
L1} 1] i 1 1] 0 o 1
In addition

=1
(=]

oo a -
==
= =2
-3 F
—

100 —x
o1 0 —w .
e=lo o 1 — wd Ty
000 1

Finull].-, froam Prob. 6.5, the hmmml:nu.ﬁ form of M 15

I o 00
o1 oo
M=1% 0 -1 o
G o o1



Solved Problems: Problem 15

Find the matrix for mirror reflection with respect to the plane passing through the ongin and having
a normal vector whose direction is N = 1 + J 4+ K.

SOLUTION
From Prob. 6.7, with Py (0,0, 0) and N =14 J + K. we find |N] = /3 and 7 = /2. Then
1 O 0 0 1 & 0 0
o1 0 0 ¢ 1 0 0
Ty = V=0l+U+0K) 1y'=
o o 1 i o & 1 0
o0 o 0 1 ¢ ool
A - ) o L o)
N N I S V3 3
li 1 =1 i =t 1 1 0
Ay = w2 V2 A48 =] +243 2 3
41 1, =t ==,
3043 V3 T R |
Lo 0 a1/ Lo o0 0 1/
anl

The reflection matnix is



That’s All



