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Kinematic
Forward (direct) Kinematics

Given: The values of the joint variables.

Required: The position and the orientation of the end
effector.

Inverse Kinematics

Given : The position and the orientation of the
end effector.

Required : The values of the joint variables.



Why DH notation

* Find the homogeneous transformation H
relating the tool frame to the fixed base frame




Why DH notation

* Avery simple way of modeling robot links and
joints that can be used for any kind of robot
configuration.

* This technique has became the standard way

of representing robots and modeling their
motions.



DH Techniques

1. Assign a reference frame to each joint (x-axis
and z-axis). The D-H representation does not use

the y-axis at all.
2. Each homogeneous transformation A; is

represented as a product of four basic
transformations



DH Techniques

* Matrix A, representing the four movements is found by: four
movements

1. Rotation of @ about current Z axis
2. Translation of d along current Z axis
3. Translation of a along current X axis
4. Rotation of « about current X axis

A =Rot, ,Trans, , Trans, , Rot,
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DH Techniques

The link and joint parameters :

Link length a; : the offset distance between the Z_,
and Z; axes along the X; axis.

Link offset d. the distance from the origin of frame
i—1 to the X; axis along the Z;_, axis.



DH Techniques

)

xT; ak

Link twist q; :the angle from the Z _, axis to the Z; axis
about the X, axis. The positive sense for a is determined
from z,_, and z, by the right-hand rule.

-Joint angle 6,the angle between the X, ; and X; axes
about the Z, ; axis.



DH Techniques

* The four parameters:

a.: link length, o.: Link twist , d,: Link offset and

©. : joint angle.

* The matrix A, is a function of only a single
variable g;, it turns out that three of the above
four quantities are constant for a given link,

while the fourth parameter is the joint
variable.



DH Techniques

« With the it" joint, a joint variable is g;associated
where
. #; : Joint 1 revolute
i = d; : joint 1 prismatic

All joints are represented by the z-axis.

 |f the joint is revolute, the z-axis is in the direction
of rotation as followed by the right hand rule.

* Ifthe joint is prismatic, the z-axis for the joint is
along the direction of the liner movement.



DH Techniques

3. Combine all transformations, from the first joint
(base) to the next until we get to the last joint, to
get the robot’s total transformation matrix.

TO=AA..A

4. FromT., the position and orientation of the tool
frame are calculated.



DH Techniques




DH Techniques

Step I: Locate and label the joint axes 2j,....2,-1.

Step 2: Establish the base frame. Set the origin anywhere on the 2g-axis. The zg and y
axes are chosen conveniently to form a right-hand frame.

Fori=1,...,n—1, perform Steps 3 to 5.

Step 3: Locate the origin o, where the common normal to z; and 2y intersects 2. If 2,
Intersects 2;_1 locate o, at this mtersection. If 2 and z;_; are parallel, locate o, In
any convenlent position along 2;.

Step 4: Establish z; along the common normal between 2;_y and 2; through o,, or in the
direction normal to the 2_; — 2 plane 1f 2;_; and 2 Intersect.
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DH Techniques

Step 5: Establish y; to complete a right-hand frame.

Step 6: Establish the end-effector frame o0,2,Yy,2,. Assuming the n-th joint is revolute,
set 2, = a along the direction z,_;. Establish the origin o, conveniently along z,,
preferably at the center of the gripper or at the tip of any tool that the manipulator
may be carrving. Set y, = s in the direction of the gripper closure and set =, = n
as 8 x a. If the tool 1s not a simple gripper set z,, and vy, conveniently to form a
right-hand frame.

Step T: Create a table of link parameters a;, d;, a;, 8;.

a; = distance along z; from o, to the intersection of the r; and 2;_; axes.

d; = distance along z;_; from o, ; to the intersection of the r; and z,_; axes. d; 13
variable if joint 7 is prismatic.

a; = the angle between z;_; and z; measured about z,

15



DH Techniques

6; = the angle between z;_| and x; measured about z;_| . 0; is variable
if joint i is revolute.
Step 8: Form the homogenecous transtormation matrices A; by substituting
the above parameters into
cO -CcasO sasld ach |
s6. cOca, -sao,cO aso

Step 9: Form 77 = Ay --- A,. This then gives the position and orientation
of the tool frame expressed in base coordinates.
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Example |
The two links arm

® Base frame O,

*All Z ‘s are normal to the page

Link (l; ¥, {Ii:_ Hé-
1 a; | 0|0 ]6]
2 az | 0 | O | 63

* variable /



The two links arm
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Where (8, + 0, ) denoted by 6,, and

cos(fy + 6o )by 19

aici + azc12
151 + 2512
0
1
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Example 2

Link 1z ¥ i 3 H,I.;
1 aq 0 0| %
2 az | 1850 | O | =%
3 0 () x| 0
3. 0 O | dy | #

¥ joint variable
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Example 2

[y —s1 0 ajeg
s1. o1 0 aps
2
2

0 () 1 L)
0 ) ( 1
Co &9 0 aqe

000 ciacs 81284 —casgtses 0 ageq +agep
100 0 O S
010 0 [0 2 Ay dy = | S04 CSE s o 0 a1+ a8y
00 1 ds ( ( -1 —dy—dj
000 1 : : D |
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Example 3
The three links cylindrical

“TS




Example 3
The three links cylindrical

Link | a; | o | d; | 6;
1 () () di | 67
2 | 0] =90|ds5]| 0
3 10 0 |50

i Vi l_]_‘i;f [.] ) ].{-t

Y1

Yo



Example 3
The three links cylindrical

| c1 —s1 0O 0 |
S- : 00
A = L
L 0 0 1 dy
0O 0 0 1

(1 0 0 0 ]
0O 0 1 0
0 —1 0 dy
0 0 0 1

(1 0 0 0 ]
01 0 0
0 0 1 dy

00 0 1




Example 3
The three links cylindrical

- e 0 — 51 —.H‘]_ff,'f',. |
T A AoAe — s1 U 1 c1ds
a = A1A4A2A3 = 0 =1 () di + do

0 0 0 1




Example 4
Spherical wrist

Yaw




Example 4
Spherical wrist

joint ares z3. z4. zy intersect at O <3, P
5 {ﬁl Hr;
Link | a; | o | d; | 8; T
4 [ 0]=9] 06 P = - e
5 |0 9 |0 |6 . °
§ 0 0 dg | g 24
* variable { _,_,J A,
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Example 4
Spherical wrist

_. B 54 cg U
Ay 0 —1 0 0
0 0 0 1

ce 0 s5 0]
_ 0 —ex 0
s = 0 —1 0 0

0o 0 0 1

ce —sg 0 0]

se g 0 0
Ag = | 7670
6 0 0 1 dg
0 0 0 1




Example 4
Spherical wrist

| [ R O3
I} = AyAsAg = I{?}B (1‘-*] (

CACRCG — S48 —C4CRS86 — S40C6 €455 "'él"‘"ﬂffﬁ
S4CECH —+ CA56 —S4CESq —+ CACGE  S455 -“'455‘-"}-'6
—55C6 S556 cs  cxdg

0 0 0 1




Example 5
The three links cylindrical with Spherical wrist
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Example 5
The three links cylindrical with Spherical wrist

. T30 given by example 2, and T63 given by
example 3.
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Example 5

The three links cylindrical with Spherical wrist
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Example 5

The three links cylindrical
with Spherical wrist

11
21
31
12
22
32
13
23
33

d.

d,

d.

C1C4ACHCE — 15456 T 515508
S1CACRCHE — S15456 — C155CH
—S4CRC6 — C456

—C1CHCHESE — C1540C6 — S155C6
—51C4CESg — 515456 + C1S5Cq
SACRCE — CACH

C1C455 — S1Cx

51C485 + 105

— 5455

c1c485dg — s1e5dg — s1d3
s1c485dg + c1esdg + cqds
—sy85dg + dy + do.
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Example 5

The three links cylindrical
with Spherical wrist

 Forward kinematics:

1. The position of the end-effector: (dx,dy,dZ )

2. The orientation {Roll, Pitch, Yaw }
Rotation y about X axis{ROLL}
Rotation @ about fixed Y axis{PITCH}
Rotation ¢ about fixed Z axis{ YAW}




Roll Pitch Yaw

* The rotation matrix for the following

operations: 5
Rotation y about X axis{ROLL} |
Rotation 8 about fixed Y axis{PITCH} Qg
Rotation ¢ about fixed Z axis{YAW}

R =Rot(z,#)Rot(y,f)Rot(X,w)

~
Cé -S¢ 0fCO 0 SOTL 0 0 4 v
=S¢ C¢ 0| 0 1 00 Cy -Sw
0 0 1]-s0 0 COJ0 Sy Cy| y
[CgCO —SgSy+CdSBy  CPSECY + S¢Sy

=| SICO C#SBy+CdSy —CdSy +Sg,Cy
| -S6 CBy C&Cy




Example 4
The three links cylindrical with Spherical wrist

* How to calculate @,,andé

e Compare the matrix Rwith |= = ™

Of the matrix T

[ CpCO —S@Sy +CpSOSy CeSOCy +SeSy |
R=|SpCO CpSOSy +CpSy —CoeSy +SpSOCy
| —S0 COSy COCy

—SQ = I, COSy =r,, SeCh=r,

T
0 =Sin(-r,) w=Sin‘l(%) @ =sin 1(&



Module 1
RRR:RRR

Links o a 0 d
1 90 0 * 10
2 0 10 * 0
3 -90 0 * 0
4 90 0 * 10
5 -90 0 * 0
6 0 0 * 0




