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2( ) 3 2 [Say]y f x x x= = + +   

                            
2 3 2y x x= + +  

                            ( )2 3 2 0x x y+ + − =  

In the above equation the value of x will be real if and only if  

                            
23 4.1.(2 ) 0y− −   

                            9 4(2 ) 0y− −   

                            9 8 4 0y− +   

                            1 4 0y+   

                            4 1y  −  

                            
1

4
y  −  

Therefore, the range of the given function is 
1

[ , )
4

fR = −  . (Ans) 

 

 

 

  

 

 

 

 

 

 

If y and x are two variables related to one another, then the rate of change of y in terms of x is denoted by 

dy

dx
 and is calculated by the first principle rule  

( )
0

( )
lim h

f x h f xdy

dx h
→

+ −
= . 

First Principle Rules:  ( )
0

( )
lim h

f x h f xdy

dx h
→

+ −
=  

Problem 01: Find the derivative of 𝑦 = 𝑓(𝑥) the followings by using First principle rule: 

(a) ( ) nf x x=  (b) ( ) xf x e=    c)  ( ) xf x a=  d) ( ) lnf x x=   

   (e) ( ) cosf x x=     (f) ( ) sinf x a x=   (g) ( ) tanf x x=   (h) ( )f x x=   

Differentiation  09   
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(i) ( )f x c=     (j) ( ) ( )f x cg x=   (k) 1( ) sinf x x−=   (l) 1( ) tanf x x−=   

 

(a) Given function is, ( ) nf x x=  . 

Now, ( ) ( )
0 0

( )
lim lim

n n

h h
f x h f x x h xdy

dx h h
→ →

+ − + −
= =  

               0 0 0

1 1 1 1

lim lim lim

n
n n n n n

n
h h h

h h h
x x x x

x x x
x

h h h
→ → →

      
+ − + − + −      

      = = =  

               

( ) ( )( )2 3

0 0

1 1 2
1 1 1 1

2! 3!
lim lim

n

n n
h h

n n n n nh h h h
n

x x x x
x x

h h
→ →

− − −       
+ − + + + + + −       

       = =  

              

( ) ( )( )2 3

0

1 1 2

2! 3!
limn

h

n n n n nh h h
n

x x x
x

h
→

− − −     
+ + + +     

     =  

               

( ) ( )( ) 2

2 3

0

1 1 21

2! 3!
limn

h

n n n n nh h
h n

x x x
x

h
→

  − − −   
 + + + +           =  

               

( ) ( )( ) 2

2 3

0

1 1 21

2! 3!
limn

h

n n n n nh h
h n

x x x
x

h
→

  − − −   
 + + + +           =  

        ( ) ( )( ) 2

0 2 3

1 1 21
lim

2! 3!

n
h

n n n n nh h
x n

x x x
→

  − − −   
 = + + + +           

   

         11n nx n n x
x

− 
=  = 

 
                                                                                   (As desired)  

(b) Given function is, ( ) xf x e=  .  

( )
0 0 0

( ) .
lim lim lim

x h x x h x

h h h
f x h f xdy e e e e e

dx h h h

+

→ → →
+ − − −

= = =  

     0
1

lim
h

x
h

e
e

h
→

−
=

2 3 2 3

0 0

1 1
2! 3! 2! 3!lim limx x

h h

h h h h
h h

e e
h h

→ →

+ + + + +− + + + +

= =  

      

2

2

0 0

1
2! 3!lim lim 1

2! 3!

x x x
h h

h h

h h
e h e e

h
→ →

+ + + +  
 =  = + + + + =
 
 

     (As desired) 

(c) Given function is, ( ) xf x a=  .   

( )
0 0 0

( ) .
lim lim lim

x h x x h x

h h h
f x h f xdy a a a a a

dx h h h

+

→ → →
+ − − −

= = =  

( ) ( )
2 3

2 3

0 0

1 ln ln ln 1
1 2! 3!lim lim

h
x x

h h

h h
h a a a

a
a a

h h
→ →

+ + + + −
−

= =  

( ) ( )
2 3

2 3

0

ln ln ln
2! 3!limx

h

h h
h a a a

a
h

→

+ + + 

=  

( ) ( )
2

2 3
0lim ln ln ln

2! 3!

x
h

h h
a a a a→

 
 = + + + 
 
 

 

lnxa a=                                                                                                                                   (As desired)  

(d) Given function is, ( ) lnf x x=  .   



53 | P a g e  
 

( )
0 0 0 0

ln ln 1
( ) ln( ) ln

lim lim lim limh h h h

x h h

f x h f xdy x h x x x

dx h h h h
→ → → →

+   
+   + − + −    = = = =  

    

2 3

2

0 0 0 2 3

1 1
ln 1

1 1 1 12 3
lim lim lim

2 3
h h h

h h h h

h hx x x x

h h x xx x
→ → →

     
+ − + −               = = = − + −  =

 
 

  (As desired)  

(e) Given function is, ( ) cosf x x=  .   

( )
0 0 0 0 0

2
2sin sin sin

( ) cos( ) cos 22 2 2
lim lim lim lim sin lim

2

2

h h h h h

x h h h

f x h f xdy x h x x h

hdx h h h
→ → → → →

+     
−      + − + − +      = = = = −  

  
 
 

 

    2 0
sin 1 sin

2

x
x

+ 
= −  = − 

 
                                                                                                      (As desired)  

(f)  Given function is, ( ) sinf x ax=  .   

( )
0 0 0 0

2
2cos sin

( ) sin ( ) sin sin( ) sin 2 2
lim lim lim limh h h h

ax ah ah

f x h f xdy a x h ax ax ah ax

dx h h h h
→ → → →

+   
   + − + − + −    = = = =  

    0 0 0

2 2 2
2cos sin 2cos sin cos sin

2 2 2 2 2 2
lim lim lim

2

h h h

ax ah ah ax ah ah ax ah ah
a

ahh h
→ → →

+ + +           
           
           = = =

 
 
 

  

  0 0 0

sin
2 22

lim cos lim lim cos cos
2 2

2

h h h

ah

ax ah ax ah
a a a ax

ah→ → →

 
 

+ +    =  = =   
    
 
 

                           (As desired) 

(g) Given function is, ( ) tanf x x=  .   

( )
0 0 0 0

sin ( ) sin sin ( )cos sin cos( )

( ) tan( ) tan cos ( ) cos cos ( )cos
lim lim lim limh h h h

x h x x h x x x h

f x h f xdy x h x x h x x h x

dx h h h h
→ → → →

+ + − +
−

+ − + − + +
= = = =  

    0 0 0
sin ( )cos sin cos( ) sin ( ) sin ( )

lim lim lim
cos ( ) cos cos ( ) cos cos ( ) cos

h h h
x h x x x h x h x h

h x h x h x h x h x h x
→ → →

+ − + + −
= = =

+ + +
 

   2
0 0 0 2

sin ( ) 1 1 1 1
lim lim lim sec

cos ( ) cos cos ( ) cos cos ( ) cos cos
h h h

h
x

h x h x x h x x x x
→ → →=  = = = =

+ +
  (As desired)  

(h) Given function is, ( )f x x=  .   

    ( )
0 0 0 0

( )
lim lim lim lim 1 1h h h h

f x h f xdy x h x h

dx h h h
→ → → →

+ − + −
= = = = =                                       (As desired)  

(i) Given function is, ( )f x c=  .   

    ( )
0 0 0 0

( ) 0
lim lim lim lim 0 0h h h h

f x h f xdy c c

dx h h h
→ → → →

+ − −
= = = = =                                           (As desired)                                       

(j) Given function is, ( ) ( )f x c g x=  .   

     ( ) ( )
0 0

( ) ( )
lim limh h

cg x h cg x g x h g xdy dg
c c

dx h h dx
→ →

+ − + −
= = =                                                            (As desired)  

(k)  Given function is, 1( ) sinf x x−= .           

( )1 1

0
sin sin ( )

lim ( )h
x h xdy

i
dx h

− −

→
+ −

=  

Say ( )1sin sinx y x y− =  =    and  ( ) ( )1sin sinx h y k x h y k− + = +  + = + . 



54 | P a g e  
 

From equation(i), we get 

( ) ( )
( )0 0lim lim sin 0 0

sin sin
h k

dy y k y k
x h y k h k

dx h y k y
→ →

+ −
= = + = +  =  =  + −

 

    
( ) ( )0 0 0

2
lim lim lim

2 2sin sin
2cos sin cos sin

2 2 2 2

k k k

k

k k

y k k y k ky k y
→ → →

 
 
 = = =

+ ++ −        
       
       

  

    
( )0 0

2 2 2

1 1 1 1 12
lim lim

2 cos cos 1 sin 1cos sin
2 2

k k

k

y k k y y y x
→ →

 
 
 =  = = = =

+    − −   
   

                        (As desired) 

(i) Given function is, 1( ) tanf x x−= .  

( )1 1

0
tan tan ( )

lim ( )h
x h xdy

i
dx h

− −

→
+ −

=  

Say ( )1tan tanx y x y− =  =    and  ( ) ( )1tan tanx h y k x h y k− + = +  + = + . 

From equation(i), we get 

( ) ( )
( )0 0lim lim sin 0 0

tan tan
h k

dy y k y k
x h y k h k

dx h y k y
→ →

+ −
= = + = +  =  =  + −

 

    

( )
( )

( )
( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( ) ( )0 0 0

cos cos
lim lim lim

sin sin sin cos sin cos sin cos sin cos

cos cos cos cos

k k k
k y k yk k

y k y y k y y y k y k y y y k

y k y y k y

→ → →
+

= = =
+ + − + + − +

−
+ +

  

( ) ( )
( )

( ) ( )
( )

( ) ( )0 0 0 0
cos cos cos cos

lim lim lim lim cos cos
sin sin sin

k k k k
k y k y k y k y k

y k y
y k y k k

→ → → →
+ +

= = =  +
+ −

 

( ) ( ) 2
2 2 2

1 1 1
cos cos cos

sec 1 tan 1
y y y

y y x
= = = = =

+ +
                                                                        (As desired) 

Problem 02: Find 
dy

dx
 for 2( ) sin(x )f x = using first principle rule. 

Solution: Given function is 2( ) sin(x )f x = . 

( ) ( ) ( ) ( ) ( )
22 22 2

0 0 0

sin 2 sin( ) sin sin
lim lim limh h h

x xh h xf x h f x x h xdy

dx h h h
→ → →

+ + −+ − + −
= = =  

    
( ) ( )

2 2 2 2 2 2

2 2 2

0 0

2 2
2cos sin

sin 2 sin 2 2
lim limh h

x xh h x x xh h x

x xh h x

h h
→ →

   + + + + + −
   
   + + −
   = =  

( )
( )

2 2 2 2 2 2

0 0

2 2 2 2 2 2
2cos sin cos sin

2 2 2 2
lim lim 2

2

2

h h

x xh h xh h x xh h xh h

x h
h x hh

→ →

       + + + + + +
       
       
       = =  +

+
 

( )
( )

2

2 2

0 0 0

2
sin

22 2
lim cos lim lim 2

22

2

h h h

xh h

x xh h
x h

h x h→ → →

 +
 
  + +   =   +

  +
 

 ( ) ( )2 2cos 1 2 2 cosx x x x=   =   (As desired) 

Note: ( ) ( )2 2 2 2 2sin cos cos 2 2 cos
d d

x x x x x x x
dx dx

=  =  =  

Problem 03: Find 
dy

dx
 for y x= using first principle rule. 

Solution: Given function is 2( ) sin(x )f x = . 
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( ) ( )( )
( ) ( )

0 0 0 0
( )

lim lim lim limh h h h

x h x x h xf x h f xdy x h x x h x

dx h h h x h x h x h x
→ → → →

+ − + ++ − + − + −
= = = =

+ + + +
 

     
( )

0 0
1 1 1

lim lim
2

h h
h

x h x x x xh x h x
→ →= = = =

+ + ++ +
                                                 (As desired) 

 Problem 04: Find 
dy

dx
 for the following functions: 

(a) 1
2sin log

2

xy e x x= + −  (b) 2 1tany x x−=  (c) 3 1sinxy a x x−=  (d) 
1

xe
y

x
=

+
  

(e) 
1tan xy e
−

=  (f) 1y xx y+ =  (g) cos sin , sinx a b y b  = + =  

 

(a) Given function is 
1

2sin log
2

xy e x x= + −  

Taking derivative with respect to x on both sides we get 

1
2sin log

2

xdy d
e x x

dx dx

 
= + − 

 
 

    ( ) ( ) ( )
1 1

2 sin log 2cos
2 2

x xd d d
e x x e x

dx dx dx x
= + − = + −                                                              (As desired) 

(b) Given function is 2 1tany x x−=   

Taking derivative with respect to x on both sides we get 

( ) ( ) ( ) ( )
2

2 1 2 1 1 2 2 1 1
2 2

1
tan tan tan tan 2 2 tan

1 1

dy d d d x
x x x x x x x x x x x

dx dx dx dx x x

− − − − −= = + =  + = +
+ +

   (As desired)  

(c) Given function is 3 1sinxy a x x−=  . 

Taking derivative with respect to x on both sides we get 

      ( ) ( ) ( ) ( )3 1 3 1 1 3 3 1sin sin sin sinx x x xdy d d d d
a x x a x x a x x x x a

dx dx dx dx dx

− − − −= = + +  

  
3

3 2 1 3 1 2 1 3 1

2 2

1
3 sin sin ln 3 sin sin ln

1 1

x
x x x x x a x

a x x a x a x x a x a x a x x a

x x

− − − −
 
 =  − + + = + −
 

− − 

    (As desired) 

(d) Given function is 
1

xe
y

x
=

+
 .  

Taking derivative with respect to x on both sides we get 

      
( ) ( ) ( )

( )

( ) ( )

( )

( )

( ) ( )
2 2 2 2

1 1 1 0 1 1

1 1 1 1 1

x x
x x x xx x

d d
x e e x x e e x e edy d e xedx dx

dx dx x x x x x

+  −  +  +  −  + + −
 = = = = =
 + + + + + 

    (As desired) 

(e) Given function is  
1tan xy e
−

=  .  

Taking derivative with respect to x on both sides we get 

( )
1

1 1 1 tan
tan tan 1 tan

2 2

1
tan

1 1

x
x x xdy d d e

e e x e
dx dx dx x x

−
− − −− 

= =  =  = 
  + +

                                                      (As desired)  

(f) Given equation is  1y xx y+ =  .  

Taking derivative with respect to x on both sides we get 
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( ) ( )1y xd d
x y

dx dx
+ =   

( ) 0y xd
x y

dx
+ =  

( ) ( ) 0y xd d
x y

dx dx
+ =  

ln ln 0
y xx yd d

e e
dx dx

   
+ =   

   
 

( ) ( )ln lnln ln 0
y xx y y xd d

e x e y
dx dx

+ =  

( ) ( )yln x ln 0y xd d
x x y y

dx dx
+ =  

1 1
. ln . . . ln .1 0y xdy dy

x y x y x y
x dx y dx

  
+ + + =  

   
 

ln . . ln 0y xy dy x dy
x x y y

x dx y dx

  
+ + + =  

   
 

1 1ln . ln 0y y x xdy dy
x y x x y x y y

dx dx

− −+ + + =  

( )1 1ln . lny x y xdy dy
x x y x x y y y

dx dx

− −+ = − +  

( ) ( )1 1ln lny x y xdy
x x y x x y y y

dx

− −+ = − +  

( )
( )

1

1

ln

ln

y x

y x

x y y ydy

dx x x y x

−

−

+
= −

+
                                                                                                                     (As desired)  

(g) Given parametric equations are, 

cos sinx a b = +  

Taking derivative with respect to  on both sides we get 

( ) ( ) ( ) ( ) ( ) ( )cos sin cos sin sin cos cos sin
dx d d d d

a b a b a b b a
d d d d d

       
    
= + = + = − + = −  

And  

siny b =  

Taking derivative with respect to  on both sides we get 

( ) ( )sin sin cos
dy d d

b b b
d d d

  
  
= = =  

By chain rule: 1 cos
. cos .

cos sin cos sin

dy dy d b
b

dx d dx b a b a

 


    
= = =

− −
                                                 (As desired) 


