y=f(X)=x*+3x+2 [Say]
y =X +3X+2
X’ +3x+(2-y)=0
In the above equation the value of x will be real if and only if
F-41.(2-y)=0
9-4(2-y)=0
9-8+4y >0
1+4y >0
4y > -1

1
>_=
y 4

1
Therefore, the range of the given function is R; = [—Z,oo) . (Ans)

Differentiation

If y and x are two variables related to one another, then the rate of change of y in terms of x is denoted by

% and is calculated by the first principle rule %:Iim h HOM.

f(x+h)-f(x)

First Principle Rules: Y _
dx h

limp 0

Problem 01: Find the derivative of y = f(x) the followings by using First principle rule:

(@) feo=x" (b) fo=e* c) fx=a* d) f(x)=Inx

(e) f(x)=cosx (f) f(x)=sinax (8) f()=tanx (h) feo=x
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(i) fe=c () feo=cg(x) (k) f(x)=sin"tx (1) fx)=tan1x

(a) Given functionis, f(x)=x".

dy f(x+h)-f(x) .
Now, d—i:llmh%o%:hmhﬁoT

i) R

=limp S0 :Iimhﬁof:xnlimhﬁo .
_ 2 Y 3
(1+Dj”—1 1+n[nj+n(n 1)[Dj +n(n Hin 2)[Dj 4otoo—1
N X ny X 2! X 3! X
=x"limp ,o~——=x"limy ¢
h h
_ 2 _ _ 3
n(h]+n(n'1)(h) +n(n 1)I(n 2){Dj T
:Xn“mhA)O X 2! X 3! X
h
_ _ _ 2
hin( 1), N0 0 n(n=D(n=2)[h")
X 2! X2 3! X3
=xnlim h 0
- h
_ _ _ 2
NN +n(n H(h +n(n 1)(n-2)( h* I
X 21 x2 3! X3
=x"limp ¢
- h
-1 ~1)(n-2)( h?
:anim h 0 n(lj*,m L +M L +eeid00
X 21 X2 3! X3
=x"x n(lj =nx"? (As desired)
X
(b) Given functionis, f(x)=e* .
dy . f(x+h)-f(x) . e ¥th_gx e XeN_gX
—2 —lim ————~=1im ——=Iim —_—
dx h—0 h h—0 h h—0 h
2 3 2 3
e N1 l+h+h—|+h—l+m+oo—1 h+h—l+—|+~~»+oo
=e *limy, L0 =e *limp, L0 2! ﬁ =e Xlim p, |, o—2! ﬁ
h h?
1+—|+—|+--‘+oo h h? .
=e Xlim |, _,Ohx%ﬂ KM o Lo+t oo | =€ (As desired)
(c) Given functionis, f(x)=a* .
dy f(X+h)—f(X) ) a Xth_gx aXah_gX
—=lim ———==1im =lim —_—
dx h—0 h—0 h h—0 h
2 3
h 1+h|na+h—(lna)2+h—(lna)3+~~~oo—1
X|i a - X i 2! 3!
=a’limy ¢ =a’limy Lo h
2 3
hIna+h—(Ina)2+h—(lna)3+-~~oo
X |i 2! 3!
=a"limy 9
h
X i h 2 h? 3
=a *lim, Ina+a(lna) +§(Ina) 00
=a *Ina (As desired)

(d) Given functionis, f(x)=Inx .
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dy . f(x+h)—f() . In(x+h) =Inx . . X
—==lim ————— " =lim ——————=lim ——< =|im —_—
dx h—0 h h—-0 h h—-0 h h—>0 h
h h 1(h? 1/h)
"X x 2lx) Tal) T 1 1h 1K 1
. X . X . .
=lim — %/ —lim =lim 2 2020 ol== (As desired
h—0 h h—0 h hao[x 22733 ooj < ( )

(e) Given functionis, f(x)=cosx .

-2sin 2x+h sin h sin h
dy . f(x+h)—f() . cos(x+h) —cosx . 2 2 . . (2x+h) . 2
—==lim ——————=Iim —————=Ilim =-lim lim —
x Mh-o0 h ! 0 h IMp 0 h IMh oSN —— [xliMh -0 (D)
2
:—sin(L;)jxlz— sinx (As desired)
(f) Given functionis, f(x)=sinax .
2cos 2ax-+ah sin ah
dy . f(x+h)-f(x) . sina(x+h) —sinax . sin(ax+ah) —sinax . 2 2
—Z =lim h_)07=|lm _,0—:I|m h _,0—:I|m h =0
dx h h h h
(2ax+ah) . (ahj (2ax+ahj . (ah) (2ax+ah] . (ahj
2cos sin| — 2co0s sin| — acos sin| —
=limp o 2 2 im0 2 2) im0 2 2
2
. (ah
2ax+ah sin 2 2ax+ah .
=alimy, cos( jxlimh_)oT=alimh_,0 cos( > j:acosax (As desired)
)
(g) Given functionis, f(x)=tanx .
sin(x+h) sinx sin (X + h) cos x —sin xcos(x + h)

f h)-f _
Y _im o (x+h) (X):Iim X %Otan(x+h) tanx _ . o cos(x+h) cosx _ . o cos (x + h) cos x
dx h h h h

sin (x +h)cos x —sin xcos(x+h) sin(x+h-x) . sin (h)

=limy 0 =limp o

=limp g —————
h cos(x+h) cosx cos(x+h) cosx h cos(x+h) cosx

. sin(h) . 1 . 1 1 1 2 .
=lim xlim — = —lim = = =sec°x (As desired
h =07 h =0 cos(x+h) cosx N —>0os(x+h) cosx cos(X) COSX  cos x ( )

(h) Given functionis, f(x)=x .
dy f(X+h)—f(X): . X+h—x

&:Iimh_)of |Imh_>0 h :"mh_)th:"mh_)olzl (Asdesired)

(i) Given functionis, f(x)=c .

dy

. f(x+h)—f(x) .
&=|'mh—>o%=

hmh_,o%ﬂimh_,0%=|imh_)00=o (As desired)

(j) Given functionis, f(x)=cg(x) .

Y _tim h >0

™ =clim p, _,ow=cd—g (As desired)

cg(x+h)-cg(x)
h h dx

(k) Given functionis, f(x)=sin"‘x.

sin‘l(x+h)—sin‘1(x)
h
Say sin’l(x)=y:>><=siny and sin’l(x+h)=y+k:x+h=sin(y+k).

dy .
—~=lim
dx h -0

-(0)

53| Page



From equation(i), we get

dy . y+k-y . k
—ZL =lim =lim —
dx h—0" k= 05in(y+k)—-sin(y)

[x+h=sin(y+k)=h=0=k=0]

5

. k .
=limy ,o——————=lmy ,g——————~————=limy ,g———"4——~
sin(y +k)—=sin(y) Zcos(izy;k]sin(gj cos(zy;k)sin(g]

. 1 . 1 1 1 1 .
=lim  _,g————xlim , (As desired)
cos(2y+kj sin[zj cos( \/COS y \/1 sin?y \/l x?
(i) Given functionis, f(x)=tanx.

tan_l(x+ h)—tan_l(x)
h

Say tan’l(x)=y:>x=tany and tan’l(x+h)=y+k:>x+h=tan(y+k).

dy .
—~=lim
dx h—-0

40

From equation(i), we get

dy . y+k-y . k .

&:hmhﬁo n :“mk»OW [x+h=sin(y+k)=h=0=k=0]

_lim k —lim k —lim kcos(y+k)cos(y)

ko Osin(y+k) sin(y) k> 05sin(y+k)cos(y)—sin(y)cos(y+k) &~ %Ssin(y+k)cos(y)—sin(y)cos(y+K)
cos(y+k) cos(y) cos(y+k)cos(y)

. kcos(y+k)cos(y kcos(y+k)cos(y) .. k .
=lim | ﬁow= im H()#:llm K ﬁosinkxllm k —o0cos(y+k)cos(y)
—cos(y)cos(y)=cos? y = 12 __t 1 (As desired)

sec”y 1+tan2y 1+x2

Problem 02: Find % for f(x) =sin(x?) using first principle rule.

Solution: Given function is f(x) =sin(x?) .

. 2 2 . 2
dy o )R sin(xen)singx)® sin(? + 2¢h +h) -sin x)
dx h—0 h = h -0 h = h—0 h
208 %2+ 2xh+h2 + X2 sin x2 +2xh+h2 - x?
) sin x2+2xh+h2)—sin(x2) ) 2 2
=limy ¢ h =limy ¢ h
2x2 +2xh+h? ) [ 2xh+h? 2x2 +2xh+h? ) [ 2xh+h?
2c0s sin cos sin
_ 2 2 _ 2 2
=limy 0 . =limy, ¢ Az ) x(2x+h)
2
[ 2xh+h2
) ) sin S
=Iimh%0cos{2)(+22)m+hjxlimh%oh(szrh)xlimhﬁo(Zx+h) =COS(X2)><1><2X=2XCOS(X2) (As desired)

Note: (smx2)=cosx2xi(x2)=cosx2x2x:2xcosx2
dx dx

Problem 03: Find % fory=/x using first principle rule.

Solution: Given function is f(x) =sin(x?) .
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B 2. B o SN )| Al IS % o S
dx h—>0 h h—>0 h h—>0 h(\/x+_h+»\/;) haOh(m_‘”\/;)

h

=lim |, H()m ! ! (As desired)

. 1
im = -
h—0 x+h+\/; \/;+\/; 2\/;

Problem 04: Find % for the following functions:

. 1 X
(a) y=eX+ZSmX—§Iogx (b) y=x%tan1x (c) y=a*x3sin"tx (d) y=li—x
(e) y:etanflx (f) xY+y*=2 (8) x=acos@+bsing,y=bsing
(a) Given function is y=e*+2sinx —% log x
Taking derivative with respect to x on both sides we get
ﬂ:i( X +25inx—llong
dx dx 2
d( x d . 1d X 1 .
=—(e*)+2—(sinx)-=——(logx)=e* +2cos x—— As desired
dx( )+ dx( ) 2dx( 9%) i 2X ( )
(b) Given functionis y=x?tanx
Taking derivative with respect to x on both sides we get
2
ay :i( 2tan~t x) =x? i(tan_1 x)+tan_1 X i(xz) st tanix (2x)=2xtan "L x+ X (As desired)
dx dx dx dx 1+ X2 1+ X2
(c) Given functionis y=a*x3sintx .

Taking derivative with respect to x on both sides we get

% :%( Xx3gin~t x) = a’(x3%(sin_1 x)+ax sin‘lx%(x3)+ x3sin‘lx%(ax)

X
- a’x
sinIxlna-

1-x

1 3

X+a*x

(As desired)

1 . . .
axxsx[ ]+3x2axsm Ly +a*x3sin~TxIna =3x%a*sin
1-x

X

(d) Given functionis y=—— .
1+x

Taking derivative with respect to x on both sides we get

d d
dyd[ex](1+X)Xd(ex)_exxd(l+x) (1+x)><ex—ex><(0+1) (1+X)E‘X—EX7 xeX
1+x B

-2 = X X = = As desired
dx dx (1+ x)2 (1+ x)2 (1+ x)2 (1+ x)2 ( )

. . . -1
(e) Given functionis y=e®" * .

Taking derivative with respect to x on both sides we get

-1
etan X

(As desired)

1 ] -1
dl:i(etan x)zetan xxi(tan—l X)zetan X 1 _
dx dx dx 14x2  1+x2

(f) Givenequationis x¥+y*=1.

Taking derivative with respect to x on both sides we get
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%(nyryX):O

40)- £l
i(eln xY J+i(eln yszo
dx dx

eln X! %(In xy)+elnyX %(In yx):O

xy%(yln X)+ yX%(xln y)=0

xy(y.1+lnx.gj+yx x.l.gﬂny.l =0
X dx y dx

xy(1+lnx.ﬂj+yX i.gﬂny =0
X dx y dx

dy X1y dy

Wy xY Inx =L+ y* % 4 yXIny=0
dx dx

dy -1, dy -1 X
Yinx Y 1,9 _ (oY
X Inx.dx+y X (x y+y Iny)

(xy Inx+ yx’lx)% :7(xy’1y+ yXIn y)

y-1 X
ﬂ__w (As desired)

dx (xy Inx+ yx’lx)

Given parametric equations are,

X=acosd+bsing

Taking derivative with respect to 6 on both sides we get

3—2 =dig(acose)+di9(bsin 0)= a;—e(cose)mdie(sine):a(—sin 0)+b(cosf)=bcosf—asind
And
y=bsinéd

Taking derivative with respect to 6 on both sides we get

ﬂ=i(bsin9)=bi(sin0)=bcose

do dé do

By chain rule: & -9 99 _p o0, 1 boosd (As desired)
dx dé& dx bcos@—-asind bcosd—-asing
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