Beta & Gamma Functions

Beta Function or First Eulerian Integral: A function of the form,
1
J‘xm’l(l—x)"_1 dx :m,n>0
0
is called Beta function or first Eulerian integral and it is denoted by, g(m,n).
1
ie, ﬁ(m,n):'[xm’l(l—x)”_ldx ;m,n>0.
0
Gamma Function or Second Eulerian Integral: A function of the form,
J‘e’xx”*ldx :n>0
0
is called Gamma function or second Eulerian integral and it is denoted by, (n).
ie, F(n)=Je’Xx”’1dx :n>0.
0

Properties of Beta and Gamma functions: The properties are given below:

1. g(m,n)=pA(n,m)

2. r()=1
3. T(n+)=n(n) ;n>0
_ I(m)I'(n)
4 p(mn)= (m+n)
5. Te’kxx“*ldx:l?) k,n>0
6. T(Mrd-m)=—2= 0<m<1
sinmz

7. T(¥p) =z

8. = ax= X g
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9. Isinpxcosqxdx: 2 2_,

; 4p+q+2
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Theorem-01: Prove that g(m,n)=(n,m).

Proof: We know, the beta function is
,B(m,n)zjx”"l(l—x)”_l dx ;m,n>0
0

Let x=1—t s dx=—dt
when x=0 then t=1

when x=1 then t=0

From (1) we get,

pg(mn)=[(1-t)""t"*(-dt) ;m,n>0
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1
= [t (1-t)" " dt

=g(n,m) (Proved)
Theorem-02: Prove that I( %) =Jr.

Proof: We know, the beta function is

,B(m,n):jx”‘l(l—x)"_ldx :m,n>0
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F(%) =Jr (Proved)



Theorem-03: Prove thati). r@) =1 ; ii). T(n+1)=nr(n).

Proof: We know, the Gamma function is
r'(n)= Texx”ldx ' n>0 ......... D)
0
If n=1 then, from (1) we get,

r(1)= J‘efxxl’ldx
0

Texdx
"],
(-~ +e%)
(0+

1)

=1
. T'@=1 (Proved)

Again, replacing n by (n+1)in (1) we get,

F(n+l)=Je’*x”dx
0

=[—x"e™ | +nfe"x™dx  [Integrating by parts]
0

=0+nI'(n)
=nI"(n)
S T(n+2)=nI(n) (Proved)
Theorem-04: Establish the relation between Gamma and Beta function.

'(m)I"(n)
r(m+n)
Proof: From the definition of Gamma function we can write

Or, Prove that g(m,n) =

r'(n)= Ie’xx”’ldx n>0
0

Assume x=Au .. dx=Adu.



Limit: when x =0, thenu =0 and when x =9, then u=w.
From above relation we have

r'(n)= Teﬂ“ (Aw)"* Adu

Again,
r(m)= Tei/lmldl ............ (ii)

Multiplying (i) and (ii) we get
T(Mr(m) = [e™u™A"dufe*2™"dA

= T(mI(n) = [ [e™u""A"e*A™"d Adu
00
e—l(l+u)im+n—1d ﬂ,}u”_ldu

e—l(l+u)im+n—1d ﬂ,}u”_ldu
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0

= m+nj 1
g (1+u)m+n
0 Xn—l
- A(m,n) _ L(m)T(n) (Proved)
r'(m+n)
T p+1({g+1
: g+
Theorem-05: Prove that jsinpxcosq xdx=1-2_1 2
0 2 p+q+2
2

Proof: We know that
B(m,n) = [ x™ (1 - x)" dx
Let x=sin’# = dx =2sinfcosada.

Limit; x=0=6=0and X=oo:>6’=%.



Now,

B(m, n)=|(sin*#)"*(L-sin? §)" " x 2sin #cos Hdo

Il
[N Oty NI

sin®™2 @(cos® 6)"* x2sin Hcos OdO

oty o=

sin®™2 @cos® 2 @ x2sin §cos Hd O

sin®™* @cos*"* 9do

=
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=
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p+l g+l
Assume 2m-l=pand 2n-1=q =m=—- andn=—-
Now from above equation we get

A5, &)= 2J2'sinp 6 cos® odo
0

Using the relation between beta and gamma function g(m, n) = Im [n , We have

m-+n
p+liq+1 z
T 2
2 2 :Zfsinpecosqé?dﬁ
‘p+q+2 .
2
z p+1i{g+1
: q+i
jsinpé?cosq odo="=2_12  (Proved)
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Problem-01: Evaluate jcos7x dx Exer.-01: jcos“x dx
0 0
- 2 7 371'
Solution: Let, I:_[cos x dx Ans: o
0
7 2
:Isin°xcos7x dx Exer.-02: 'fsinsx dx
0 0
0+1[7+1
L 212 Ans: &
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Problem-03: Evaluate jsin4xcos3x dx Exer.-04: jsin5xcos6xdx
0 0
) % 8
Solution: Let, | :jsin4xcos3x dx Ans: —
) 693
4+1[3+1 .
1212 Exer.-05: jsin4xcossxdx
4+3+2 0
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Problem-04: Evaluate J'cos3xc032x dx Exer.-04: J'sin 2xcos* X dx
0 0
] % 1
Solution: Let, 1| =jcos3xcoszx dx Ans: 3
0



cos® x(cos2 X —sin? x) dx Exer.-05: |sin2xsin? xcos® xdx
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Problem-05: Evaluate jsin“ xcos® x dx Exer.-06: Isinz xcos” x dx
0 0

2z
Solution: Let, | = Isin“ xcos® x dx Ans: %
0

=2|sin* xcos® x dx

4|sin* xcos® x dx
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Problem-06: Evaluate _[xsinexcos“x dx Exer.-07: Ixsinzxcos4xdx
0 0

2
T

xsin® xcos? x dx Ans:
32

Solution: Let, |

(r—x)sin®(z—x)cos*(z—x) dx  Exer.-08: Ixsin X c0s? X dx
0

Il
oty ot—y O

(7 —x)sin® xcos* x dx Ans: %

T T
= 7zjsin6 X cos* x dx—Ixsin6 xcos* x dx
0 0

T
:ﬁJ‘sin6 xcos* x dx— I
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Problem-08: Evaluate jx?’(l—xz)2 dx Exer.-09: sz (1—x2)2 dx
0
) 1 5 T
Solution: Let, |=jx3(1—x2)2 dx Ans: —
) 16
1 3
Put x=sind .. dx=cos@d® Exer.-10: J.x“(l—xz)2 dx
Limit: when x=0 then =0 3
- Ans: X
when x=1 then H:E 256
7 s . \
Now, | :jsin39(1-sin29)2cosed9 Exer.-11: jx6 (1-x*)z dx
0
] 5 5
= sm36?(cos2 6’)2cosed0 Ans: —
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Problem-09: Evaluate |———d E
! — X Xer.-12: j 1 X
(1-x*)
jx—sdx ANS: o
oaf(l—xz) V)

Put x=sin@ .. dx=cos&d&
Limit: when x=0 then =0

Solution: Let, | =

when x=1 then 9——
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Problem-10: Evaluate

Solution: Let, 1= X dx
°(1+ x2)E
Put x=tan® .. dx=sec?6dé
Limit: when x=0 then =0

when x =0 then 0:%

3
Now, | = tan”"6 -.sec’ 0do

(1+ tan? 0)5
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Problem-11: Evaluate jx“(l—x)i dx Exer.-13: [x*(1-x) dx

Problem-12: Show that je%x:ﬂ Exer.-14: Show that je**zdx N

0 2 2\/§

Solution: Let, 1 :jefxzdx Exer.-15: Show that je a’x dx_£a
0

2
Put, x*=z



2xdx =dz
= dx :idz

2z

Limit ; when x=0then z=0
when X =oo then z =0

Now, I =je*z B
0

N

0 1
:Ej'e’zz 2dz
20

) 1
:Ej‘e’zz2 ldz
20

(Showed.)
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Problem-13: Show that je**xidx= Nz
0

3

Solution: Let, 1| =je*xx5dx
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0 3
[exeax :# (Showed)
0

Exer.-16: Show that jﬁe‘*adx -
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Problem-14: Show that je*?’xx?dx :%
0

0 3
Solution: Let, 1| =J.e*3xx5dx
0
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Multiple choice questions:

Which one of the following is answer of ﬂ’)

1. 2r@d)

a). 35 b). 30

c). 40 d). 25

(%)
The value of the integral —A is :
(%)

2. P

1 3z
a). — b). —
)3 )4

3
). d). =
)7 )

Calculate Ie’ﬁ{‘f;dx.
0

Exer.-17: Show that je*4x2dx -
0

N3
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Y )
2 2
C). % d). None of them.
Evaluate J‘e’xzdx.
4- 0
a).\z b). ﬁ
C). E d).0
2
3
Find the indefinite integral J'sine xdx.
5. 0
57 T
a). — b). —
) 32 ) 32
57 3z
c). — d). —
) 3 ) 32
What is the value of J.COS“ xdx ?
6. 0
T 3
a). — b). —
) 2 ) 8
5 57
). — d). 2~
) 32 ) 3

Which one of the following is correct for B(m,n)?

4y L(mr(n) b) ['(m)[(n)
" T(m+n) ~ I(mn)

0 I'(m)I'(n) ) r'(m)I'(n)
" T(m-n) " I(m=+n)

Which one of the following is correct for I'(n+1)?
a).(n+1)! b). n!

c). (n-1)! d).n



What is the value of I'(2) ?

9.
a).l b). 2
c).0 d). -1
1
Evaluate the value of Ix"’ (1—x)*dx.
10. 0
a). 580 b). 120
1
c). 2320 d). —
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