CHAPTER

\LCULATIONS

NETWORK €

The continued development of large, high-speed digital computers has broyg
about a change in the relative importance of various techniques in the solutcy
of large networks. Digital-computer solutions depend upon network equatioss
So it is important that the power-system engineer understand the formulaiin
of the equations from which, in obtaining a solution, the program that s
followed by the computer is derived.

This chapter is not meant to be a comprehensive review of network equ
tions but will serve to review and expand upon those methods of analysis upe
which programs for computer solutions of power-system problems are ¥
dependent.

Of particular importance in this chapter is the introduction of bus 3dn*
tance and impedance matrices which will prove to be very useful in later work

7.1 EQUIVALENCE OF SOURCES

;\ ;u:lpful procedure in some problems in network analysis is the substitutitﬂt”::_
andotrei?csr ‘ con‘stfmt current in parallel with an impedance for a L..Ons-mﬂl ;"‘
Impedance. The (wo parts of Fig. 7.1 illustrate the circults il
lated impedances are connected to # {wo:[crﬁii“'
network for the prcsss: -lr:;fcdz.mcc Zi.. The load may be conSidchdi\‘:ork e
assumed 1o be short-cirey; al s, any internal emfs in the load ¢
Circuited and any current sources opened.
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18 jllustrating the

oy QAU | |
F.i:r:rl_.. - .'f "l"-:rl.‘:" l‘”} !Li
. euit having the constant emf E, : o
For the circul 43 E, and series impedance Z,. the
g¢ ACTOSS the load 15
‘-.;[. g
‘, — —
IL— E\Q—I"lg ITII)

ere 1, 18 e load current. For the circuit having a source of constant current
) impedance Z,. the voltage across the load is

] ;:ilh tphc shunt
;"L= US_IL)ZP:ISZP_I{_ZP (12}

The two SOurces and lheir_asspcialed impedances will be equivalent if the voltage
i is the same in both circuits. Of course. equal values of V; will mean equal
hlad currents 1, for identical loads.

 (Comparison of Egs. (7.1) and (7.2) shows that V;, will be identical in both
d therefore that the emf and its series impedance can be interchanged

circuits an ) 5
i the current source and its shunt impedance provided

E,=I1Z, (73)
and

Z=2 (74)

These relations show that a constant-current source and shunt impedance can be
replaced by a constant emf and series impedance if the emf is equal to the
product of the constant current and the shunt impedance and if tne senes im-
gedance equals the shunt impedance. Conversely. a constant emf and seres
mpedance can be replaced by a constant-current source and shunt impedance if
the shunt impedance is identical to the series impedance and i the constant
surtent is equal to the value of the emf divided by its series impedance.
- Wr have shown the conditions for equivalence of sources connected to a
ﬁ:sit;e HEIW'()I:k: By considering the principle of superposition we can sho_w that
nttwof;,e provisions apply if the output is an active nctwork.. that is, if the.gutpul
e Lh.‘:mcludes_voltagc and current sources. To determine thc‘cm:lrl ;utiosﬁ
o Siupply' if the output network 1s aclive, the pru‘u:lplt: of superpastt ‘i’
<A orting emfs in the output network and replacing current scurc'en ' ‘)
wof;l(mfms, while impedances remain intact. Thus the autpu‘b!f s‘i) gdci?iz
ff:necrne?‘rfdr as the current component from the interchanged e o the oAl
two t.h 0 determine the current components due t0 the solffﬂflb ek
- the emf of the supply source is shorted in one Case and the current

P p—_p
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Lot L 1
nected across the mput to the load to de

networh regardless of which type of

rce 15 openedd in the other case. Thus only » ¢

fermine Th: C .'.  “ui,
SoUrce js the Sup o "f;”'
sosition, the components contnibuted hy ), '»mm:-rm?‘ o, | % \
pendent of the type of supply <o lnni! a5 the --.-i : {he 'r:‘f‘MP'\-'“
equals the shunt impedance of the constant.c¢y A :

lfrr';” .
] )
provisions for equivalence apply whether the

loadd ru»m'nrk I Merye

7.2 NODE EQUATIONS

The junctions formed when two or more pure el
source of voltage or current) are connected ¢ cach othar * & Or ¢
called nodes. Systematic formulation of Cquationy ¢ iy
crcuit by applying Kirchhoff's current law g the
puter solutions of power-system problems. U;;u;,”y it is 3 o |
only those nodes to which more than (wo clementg a‘re g Ment 1y,
these junction points major nodes. ‘Nimncmd Wa

In order to examine some features of node ¢

IIIr;ntg r

ﬂ(’rm _
hil'ﬂq nr sOmﬂ 41 '-i'ff

: : de e A
one-line diagram of a simple system shown in Fig. 7.2, Genc,::"" begin .

through transformers to high-tension buses | and 3 ang 4 ;‘Jr; are %‘;-.
motor load at bus 2. For purposes of anal "4Pply a Wiche,

ysis, all machip

4.5y a single emf gpg Series 1
ccificd in per unit, i shown nc?:::q

‘ treated as a single machine and represente
‘ L The reactance diagram, with reactances sp
' Nodes are indicated by dots, but numbers arc assigned only
oo the circuit is redrawn with the emfs and the impedances in
) them to the major nodes replaced by the equivalent curren

admittances, the result is the circuit of Fig. 7.4. Admittance y
shown instead of impedance values.

O}
"o‘if—w

: . he 127
Figure 7.2 One-line diagram of g simple Figure 7.3 Reactance diagram [f:lw: o
fvitm. of Fig, 7.2. Reactance values &

Ona v,

5
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to majOr By
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I. - "
o 7.3 with curtent sonrces re lacing = o9r. 5
Cyreull of F1g. P 8 Y, /
'

] . q ’ I . ¥ 5
) y . «ources. Values shown are admittances y
pig" alent voltage SOt L 5%
o m\.
he t
! e pnt!
n

..subscrip! notation will be used to designate the voltage of each bus

| Si'jfk‘d to the neutral taken as !hc reference node 0. Applying Kirchhofl's
“'"h.n;vla" at node 1 with currenl into the node from the source equated 1o
cu:-:-;:l qway from the node gives
cu
I,=WY+ (Vy, = V)Y, + (M, = W)Y, (7.5)
and for node 4
0=(Vi—WV)Ya+t (Ve = Vo)l + (Vs = V)Y, (7.6)

Rearranging these equations yields
L =Vi(YL+ Y+ YY) =W -WY 7

0=—V:H—Vz}';.—'VJYe'*‘V.t(Yd‘*'Ye*'m (7.8)

d 3. and the four equations can

Similar equations can be formed for nodes 2 an
V,, and V. All branch currents

be solved simultaneously for the voltages ¥y, V2,
can be found when these voltages are known, and so the required number of

node equations is one less than the number of nodes in the network. A node
equation formed for the reference node would yield no further information. in
other words, the number of independent node equations is onc less than the
number of nodes.
We have not written the other two equations because we can already see
how to formulate node equations in standard notation. [n both Egs. (7.7) and
(78) it is apparent that the current flowing into the network from current
sources connected to a node is equated to the sum of several products. At any
:'(:ijccho:‘: pr.oducl is the voltage ol‘lthal node times the sum of all the admittances
away fro”“'"-'ilc on the node. This product accounts for the current that flows
equals “:E the nqdc if the voltage is zero at each othcr‘nodc. Fach other product
nected (j negative of the voltage at another node times {h.c admittance con-
irectly between the other node and the node at which the equation 1s

- R, o T S TPy TR R T e - N -
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'
formulated. For instance, at node 1 a product is — ¥ ¥, Whig}
current awayv from node 1 when all node voltages yre 7CT0 ex g .]" Coup,
The standard form for the four independent Cquationg |, = thay ”“r:& |
iy . Nog, ¥ 1
I Yoo Y Y,y V, R |
Iyf_ Y Yoo Yoy v, v, |
1_1 N }'.H }jll‘ ’H }’_\; Vj
I, Yo, Yi, Yiy Yia V,

h;i

m
Fofthe y 3:;:“’1!

The symmetry of the equations in this form makes them cas
their extension to any number of nodes is apparent. The orde
is ¢ffect-cause: that is, the first subscript is that of the node at yy, s
is being expressed, and the scconq subscript is that of the voli, Ich the Curpe
component of current. The Y matrix is designated Yha. and called IE Caust"g f;m
tance matrix.™ It is symmetrical around the principal diagona) ™ ¢ bus‘ admi
Yoo Yoo Yas.oand Yy, are called the self-admitiances gy the no; adm”‘ancq
equals the sum of all the admittances terminating on the node idcn'&‘[s_,ﬁan':l g
repeated subscripts. The other admittances are (he Mutual ad'"fual ed by
nodes. and each equals the negative of the sum of all admmancesnceso
directly between the nodes identified by the double subscripts, For conp
of Fig. 7.4 the mutual admittance Y,; equals — Y,. Some authors aall 45
and mutual admittances of the nodes the driving-point and transfer admite seif
of the nodes. tance
The general expression for the source current toward node k of
having N independent nodes, that is, N buses other

the Netwry

a networp
than the neutra, j '

(%

& L%

L A

N
) 1k=n§:] Yimp; fzﬂ? o

One such equation must be written for each of the N buses at which the voltage
of the network is unknown. If the voltage is fixed at any node, the equationfs
not written for that node. For instance, if both the magnitude and angle of the
voltages at two of the high-tension buses of our example are fixed, only two
¢quations are needed. Node equations would be written for the other two buses
the only ones at which the voltage would be unknown. A known eml and senes
impedance need not be replaced by the equivalent current source if one tcrmll_lﬂl
of the emf element is connected to the reference node, for then the node which
separdles the emf and series impedance is one where voltage is known.

B fLe: 3 i B . y solv¢
Example 7.1 Write in matrix form the node equations nccessa?'i;ocqﬂi"'
for the voltages of the numbered buses of Fig. 7.4. The m’-lworg = L5
alent to that of Fig. 7.3. The emfs shown in Fig. 7.3 are 5

Ey,=15/=3687° and E. = 1.5/0° all in per unit.

* Boldface type is used where one letter designates a matrix.




SNEITWORK AL AT S l',"

[he current sourees are

IN
et 1

£ 'r i
7 ()

],) 'N} {' 1 ] -
f| |'| .flh‘ / ) ”-“l".l“l“lllI

1.5 / 310,877

/- 124 |--1/, 12687" = <072 — j0.96 per umit

s‘-ll..uilnlll;mt-‘t?-" i per unitare
' Yy, = 50— j40 - jOK = —jo.8
Yy; = —j3.0 = j2.5 - j0.B = ~ 8.3
Yyy = —j40 = j2.5 - j8.0 ~ j0O.8 = —j15.3

Yio = —j50 = j5.0 - j8.0 = /180

| the mutual admittances in per unit are
A

le= }’11 = () Y.’.J——‘}{]Z: +}25

Y3 = Y3 = +j40 Yo = Yy = 4450
Y” = Y“ = -}-}50 }’34 = Y-t.] - +j80

The node equations in matrix form are

0 -—j1.20 —~j98 j0.0  j40 j50 1V |

—072-09 | | 0.0 —j83 j2.5 JS0 || Vs 4

0 —jl20| | j40 j25 —j153 80|V, "
0 js0  j50 j80 —j180(| Vs

The square matrix above is recognized as the bus admittance matrix Yy, .

Example 7.2 Solve the node equations of the preceding example to find the
bus voltages by inverting the bus admittance matrix.

SoLuTioN Premultiplying both sides of the matrix equation of Example 7.1
by the inverse of the bus admittance matrix (determined by using a standard
Program on a digital computer) yields

N4174 j03706 j0.4020 jo4142][ 0 =jL20] f1 0 0 0 WV,
03706 j0.4872 j03922 j0.4126 || -0.72-j0.96| |0 1 0 O}
D402 03922 jo4sss j04232]] 0 —j1.20|T (0 0 L O}¥
04142 joa126 jo4232 j04733 )| © 000 L)V

T . : ) T o
'€ Square mayrix above obtained by inverting the bus admittance matrix is
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called the bus impedance matrix Z,_ . Perfor
tiplication yields

M,
(14111 - 0266s] Ty
L 13830 — 03908 V, |
| 14059 — 02824 | = A
(12009 — 02971 |y |
and so the node voltages are
= — JO2668 = | 436 /_ -
Vi = 13111 — 02668 = | 36 /[~ 1091 Per wos,
V;= 13830 — 03308 = 1 427 L-’__‘me -
Fi=14039 - 02824 = ) 434 :’ ]lx;mm
73 MATRIX PARTITIONING
A useful method of matrix gzampulaﬁou_caned mm;%
IRg varous parts of 2 matrix as submatrices which are treated a sny '
in applying the usual rules of multiplication and addition. For instance o
a 3 x 3 matrix A, wher : - _—
;a“ a;: : ajgls
A= |92; a:::a , [Fbe
| G31 32 ais i
The matrix is partitioned into four submatrices bil& horizoatal s wny
dashed lines. The matrix may be written F AN
D E! .'tl.: | co
A= I - L
F G -
where the submatrices are P
D= :'-‘11: "12. : [‘:!J
42y a2 [ L
F=[a;, a,,] 7 G=a;
. hamatrss B2
To show the steps m matnx muluplication in terms d‘?&“ﬂm@.@
assume that A is to be postmultiplied by another matrix B to #or
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wher¢ ‘;,l '_
B = ’.’_:_1 %0
by, y
, 1_mi[igning as indicated, '
with P* ) |
B ,-' I (7.14)

re the subm:llriccs are
L™

wh b
11
H= |b“l and J = b,,
Then the P duct 1S
_n_ |D E[|H
UEEEs [F (;] JJ (7.15)
The submatrices are treated as single elements to obtain
_ |DH+EJ
~ |[FH+GJ (7.16)
The product is finally determined by performing the indicated multiplication and : :
addition of the submatrices. 4
If C is composed of the submatrices M and N so that ‘
M 5
C=1IN (7.17) 18
comparison with Eq. (7.16) shows
M =DH + EJ (7.18)
N=FH + GJ (7.19)
Ifwe wish to find only the submatrix N, partitioning shows that
N - bl 1 b
= [0z @s2] b + 33033
21
=ay, by, + asbn t+ ayy by (7.20)
pa";{'hc 'malri'ces to be multiplied must be compatible originally. Each vertical
oﬁ?lonmg line between columns r and r+ 1 of the first factor requires a
-ordc:)qpm partitioning line between rows r and r + 1 of the second factor in
awn ol;- the submatrices to be multiplied. Horizontal partitioning lines may be
elween any rows of the first factor, and vertical lines between any
both. An example that applies :

cOul-n
ns o 0 : in el
"0 of the second, or omitted in ecither or

, X pary:
. a - i
Partitioning appears at the end of the nexl section.

L P . X . ) . e
et T L . v i
- a g ™, - 2
IR B e Ty Lo g g g P St ey = w b
e ate= aad LN TR SRS VLR R TR, : :
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7.4 NODE ELIMINATION BY MATRIX ALGEBRA

Nodes may be chiminated by matrix manipulation of the standarg node .

tions. However, only those nodes at which current does ot enter ¢ 'L‘a-.tmn'

network can be eliminated, Ve )y
The standard node equations in matrix notation are EXpressed g

L= Yo (7.21]
where Tand V are column matrices and Y, is a symmetrical square Mmatriy, T
column matrices must be so arranged that clements associated wit), nodes .!n ;:
climinated are in the lower rows of the matrices. Elements of the Square adnm‘
tance matrix are located correspondingly. The column malrices are ,
so that the elements associated with nodes to be eliminated are sep
the other clements. The admittance matrix is partitioned so th
identified only with nodes to be eliminated arc separated from th
ments by horizontal and vertical lines. When partitioned accord;
rules, Eq. (7.21) becomes

Darli!ionw
arated frqp,
at elemeny,
C other gl
Ng [0 these

L] [k L][v,
o= sl i

where Iy is the submatrix composed of the currents entering the nodes tg he
climinated and V, is the submatrix composed of the voltages of these nodes of
course, every element in Iy is zero, for the nodes could not be eliminated other.
wise. The self- and mutual admittances composing K are those identified only
with nodes to be retained. M is composed of the self- and mutual admittances
identified only with nodes to be eliminated. It is a squ matrix whose order is
equal to_the number of nodes to be eliminated. L and its transpose L' are
composed of only those mutual admittances common to a node to be retained
and to one to be eliminated.

Performing the multiplication indicated in Eq. (7.22) gives
I,=KV, +Lv, (7.23)

and
l,\‘ = LTV{' + MV’\ (?':4)

Since all elements of I, are zero, subtracting L™V , from both sides of Eq. (7.24)
and multiplying both sides by the inverse of M (denoted by M™!) yields

-M LY, =v, . (7.23)

This expression for V, substituted in Eq. (7.23) gives _
 1L,=KV,~LM- wy, (726)

which is a node equation having the admittance matrix -
| Yew=K-LM-L7 . - o (1)

. 5 ¥ i ‘
e, A '
o .
4 y
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./ afi08 matrix enables us to construct the circuit with the unwanted
' od, as we shall see in the following example.

. 7.3 1f the generator and tgnsforgger at bus 3 are removed from the
R TR 73, climin;lh:Inmlc@;lml y the matrix-algebra procedure
<cribed. find the equivalent circuit with these nodes climmated, and
just dt-‘.'- omplex_power transferred into or out of the network at rmdr:-:'_l_
find }hf\%mmugc at node 1.

m'ltl‘-“

qion The bus admittance matrix of the circuit partitioned for climina-
uTIO!

0 N
Sol odes 3and 418

tion 01' n
~j98 00 : 40 j50

'K L 00 —j83: j25  j50

Yhul LT I\,] = | a0 T 87V 54as T Bl

j50 SO0 ¢ j80 —j18.0

The inverse of the submatrix in the lower right position is

1 [—j180 —j80| _ [j0o0914  j0.0406
M™'="797| —j80 —j145| |j0.0406  j0.0736

Then
1T = j4.0 j5.0[(j0.0914 j0.0406 | (j4.0 ;2.5
LV = [j25 js0||j00406 j0.0736]|js0 js0

/49264 j4.0736
40736 j3.4264

—j98 00
00 —j8.3

v =|" j4.8736 j4.0736
& j40736 —j4.8736
Examination of the matrix shows us that the admittance between the two
femaining buses 1 and 2 is —j4.0736, the reciprocal of which is the per-unit
impedance between these buses. The admittance between each of these buses
and the reference bus is '
—j4.8736 — (—j4.0736) = —;0.800 per unit

The resulting circuit is shown in Fig. 7.5a¢. When the currenl sources are
converted to their equivalent emf sources the circuit, with impedances in per
Unit, is that of Fig. 7.5b. Then the current is

- 1.5/0° — 1.5/=3687° 15— 12+)0.9

Y,,,=K—LM"'L" = J —LM-'LT

= — S

j(125 + 1.25 + 0.2455)  j(2.7455)
= 0.3278 — j0.1093 = 0.3455 /- 18.44 per unit

-

a adlhe b & ow
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-14.0736
o/ YT —2

O

08 -_n}.r;% CD: E,

(a)

[/ Ivls
Wl

s,

10

Figure 7.5 Circuitof Fig. 7.3 without the source at node 3 (a) with the ec
and (b)) with the original voltage sources at nodes | and 2,

uivalent Curren) toyr,

Power out of source a is

1.5/0° x 0.3455 /18.44° = 0.492 + j0.164 per unit

And power into source b is

1.5 {_ 36.87° x 0.3455/18.44° = 0.492 — J0.164 per unit

Note that the reactive voltamperes in the circuit equal
(0.3455)% x 2.7455 = 0.328 = 0.164 + 0.164
The voltage at node | is
1.50 — j1.25(0.3278 — j0.1093) = 1.363 — j0.410 per unit

In the simple circuit of this example node elimination could have been
accomplished by Y-A transformations and by working with scries and paralkl
combinations of impedances. The matrix partitioning method is a general method
which is thereby more suitable for computer solutions. However, for the elimin-
ation of a large number of nodes, the matrix M whose inverse must be found
will be large.

Inverting a matrix is avoided by eliminating one node at a time, and the
process is very simple. The node to be eliminated must be the highest numbered
node, Jnd rcnumbumg may be required. The matrix M becomes a single element
and M~ " is the reciprocal of the clement. The original admittance matrit
partitioned into submatrices K, L, L, and M is

K.
Yll Y-lj E).}In , ) y
; R A 1.8)
You =| Y, Yy oo [V ]L i
BRI A
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juced (1 1) x (= 1) matrix will be, tccording 1 Eq. (7.27),
(he ** Y, }'_I;‘ “ B
: : ,
You Y., Y, Y |, [V Ll (.09)

’ -

the indicated manipulation of (e maltrice
1

and whel k and column j of the resulting (n — 1)

S s accomplished, the ele.
qent in TOW

X (= 1) matrix will be
, Yo Y

_— ¥V n%nj
kj (new) — ‘H{urigl T

Y,

nn

(7.30)

h element in the original matrix K must be
Eac‘id to Eq. (7.30) we can see how to proceed.
wmpmwlumn and the same row as the element being modified by the element
the ]:NIL; row and the same column as the element being modified. We then
in the 1as

de this product by Y, and subtract the result from the element being
divldd-% c:in-ThI; following example illustrates the simple procedure.
moanitt.

modified. When Eq. (7.28)is
We multiply the clement in

Example 7.4 Perform the node elimination of Example 7.3 by first removing
xa . .
n(:de 4 and then by removing node 3.

S oN As in Example 7.3, the original matrix now partitioned for re-
OLUTI : i
moval of one node is

(—j9.8 0.0 j40 + j50
00 —j83 j25 ¢+ 50

j i ]umn - Subt act I " )
i l 2-5 ln ro 3, c &N l ‘ o l .

: e t
lower right corner. We find the modified clemen

s 8O XP0 _ 4702
Y3 =j20-"7130

- : olumn 1 is
Similarly the new element in row 1, ¢

- 50 %30 _ _igarnn
Yu=-P8 "z

SR T
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qame manner to vield

Other elements are found in the
_ 8411l j1.3889 j6.2222
i1.3889 - 69111 j4.7222

2222 j4.7222 j10.9444

\-'l'n\ '
10,224

Reducing the above matrix to remove node 3 yields
L g

, — j4.8730 j4.0736
Yius = j4.0736 — j4.8736

atrix found by the matrix-partitioning Methog

ical to the m
same time.

which 18 ident
ere removed at the

where two nodes W

7.5 THE BUS ADMITTANCE AND IMPEDANCE MATRICES

7. we inverted the bus admittance matrix Yy, and called th

ance matrix Zy,.. BY definition

Zhus = Yb_l.l: (7]”

In Example
resultant matrix the bus imped

and for a network of three independent nodes

Zy Zy Zis
Zo=|Zn Z12 Z1 (7.32)
Zy, Zy Zas

Since Y,,. is symmetrical around the principal diagonal, Zy,,, must be symmetri-
cal in the same manner.

. The impedance elements of Zy,, on the principal diagonal are called driring-
point impedance of the nodes, and the ofl-diagonal elements are called the transfer
impedances of the nodes.

'I"hc bus admittqncc matrix need not be determined in order to obtain Ly
a{ld in another section of this chapter we shall sce how Z,,, may be formulated
directly. :

l‘Tlhc' bus impedance matrix is important and very useful in making faul
g? :tl: ations as we shall see !aler. In order to understand the physical significanc®
admi{l:t:ar 'f)_us“;mpedﬂnw_s in the matrix we shall compare them with the pode
node fgf‘:l; t . Cztnt easily do so by looking at the equations at a particuld!
; . stance, st: i . :
arting with the node equations expressed as

] = YIIDI v (733)

W ave
¢ have at node 2 of the three independent nodes

[y= Yy V) o+ YouVy + Y';'; v, (7_34)

4




