Transformations to Kinematics

(with background)

CSE444: Introduction to Robotics
L essen 3-5

Fall 2019



Definitions

Velocity: The derivative of position with
respect to time.

Acceleration: The derivative of velocity
with respect to time.

Jerk: The derivative of acceleration
with respect to time.

Link: Nearly rigid structure between
joints.

Joint: Allow relative motion between
links.

Joint Angle: Measurement of
the relative position of two links
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Definitions ..

Joint Space: Relative coordinates that are
referenced to coordinate frames at the robot
joints.

Cartesian Space or Task Space. Global or
base coordinate frame

Jacobian: Specifies a mapping of Velocities in
joint space to velocity in Cartesian or Task
Space.

Singularity: Region or point at which the
Jacobian is singular.
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Mathematical Background

sin(A)=A sin(0) =0 cos(0) =1 sin(45-deg) =0.707
90-deg =1.571-rad n =3.142-rad 180-deg =3.142-rad
d . d _
—sin(Xx) =cos(x) — €0S(X)=-sin(x)
dx dx
Chain Rule d_F(u):ﬁ-S_u

dt ou ot
Example

: o
let  F(u)=sin(u)  u=x(t) Then j_F:cos(x) E)t(
t
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Review — Vector Operations

Dot Product
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Review — Vector Operations

* Dot Product: measuring similarity between
two vectors

v-w=|v| w]|cos(&)

CSE444:DSAH, Fall 2019



Review — Vector Operations

* Dot Product: measuring similarity between
two vectors

w-v =| V|| w|cos(8)
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Review — Vector Operations

* Dot Product: measuring similarity between
two vectors

Unit v-v=1
ve Cto I'* CSE444:DSAH, Fall 2019



Review — Vector Operations

* Dot Product: measuring similarity between
two vectors

v-w=|v| w]|cos(&)
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Review — Vector Operations

* Dot Product: measuring similarity between
two vectors

v-w=0
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Review — Vector Operations

* Cross Product: measuring the area
determined by two vectors

W
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Review — Vector Operations

* Cross Product: measuring the area
determined by two vectors

VxWw=|v||wsin i =2*area-U

CSE444:DSAH, Fall 2019
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2D Coordinates

« 2D Cartesian coordinate system:

P: (xY)
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2D Coordinate Transformation

« 2D Cartesian coordinate system:

____________________________ P (X,y) S
I.I:l
TOI:O

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

« 2D Cartesian coordinate system:

- ) op=Xi +Yj

=1

—_— | T

]1
je]=0
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2D Coordinate Transformation

* Transform object description from i’ to ij
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2D Coordinate Transformation

* Transform object description from i’ toj

> Given the coordinates (x',y’) in ij’
- how to compute the coordinates (x,y) in
j?
CSE444:DSAH, Fall 2019 17
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2D Coordinate Transformation

* Transform object description from i’ toj

-------------------- > Given the coordinates (x’,y’) in i’}
- how to compute the coordinates (x,y) in
j?
CSE444:DSAH, Fall 2019 18
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2D Coordinate Transformation

» Transform object description from jj toj

(x) (cos@® -sind x| x

. P y|=|sind cosé y, |V
A ~ Lo 0 1AL
00 %)
> Given the coordinates (x',y’) inij’
0 i

- how to compute the coordinates (x,y) in
j?
J
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2D Coordinate Transformation

» Transform object description from i t0j

oTﬁxi?yT
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2D Coordinate Transformation

* Transform object description from i’ toj

oTﬁxi?yT

Orp _ Xri_’r n yr]’r

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

* Transform object description from ij’ toij

oTﬁxi?yT

Orp _ Xri_’r n yr]’r

00" = X,1 "+VY,]’

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

* Transform object description from ij’ toij

op=00"+0p

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

* Transform object description from i’ toj

op=00"+0p

oTﬁxi?yT

Orp _ Xri_’r n yr]’r

00" = X,1 "+VY,]’

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

* Transform object description from ij’ toij

op=00"+0p

XI+ Y] =X +Y, ] +XT'+VY]
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2D Coordinate Transformation

* Transform object description from i’ toj
op=00"+0p
XI+ Y] =X +Y, ] +XT'+VY]

(X=X )T +(Y=Yo) I =XT"+VY]’
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2D Coordinate Transformation

* Transform object description from i’ to ij

op=00"+0p
XI+ Y] =X +Y, ] +XT'+VY]

(X=X )T +(y=Yo) ] =XT"+Y]'
i - X_X =, >, X’
y_yo y
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2D Coordinate Transformation

* Transform object description from i’ toj

- (X=X ) (e =X
| J(y—yo]_(' J{y’j

CSE444:DSAH, Fall 2019

28



2D Coordinate Transformation

» Transform object description from i t0j

e i
IR
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2D Coordinate Transformation

* Transform object description from i’ toj

NI
(X=X ) o e\ife, w X
0'(%:¥o) [y_yo)_(l 1A {Y'

-> X_XO TT = = X’
0 | T (I J /
i) (Tei Tej) (1 O Y=o J y

- - I
I J(TT]_LT,T j.j]_(o ]_JSE444:DSAH,FaII2019
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2D Coordinate Transformation

* Transform object description from i’ toj

NE L G
_ Y—=Yo JT( J y'

A |
v\ (TTTr T AYZVIA
0'(X: Yo) X LTL LT{ %o | X
yI[=[11" 11 YoV
>
0 | \1/ \ 0 0 1/\1/
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2D Coordinate Transformation

* Transform object description from i’ toj

NE L G
_ Y—=Yo JT( J y'

A |
v\ (TTTr T AYZVIA
0'(X: Yo) X LTL LT{ %o | X
yI[=[11" 11 YoV
>
0 | \1/ \ 0 0 1/\1/
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2D Coordinate Transformation

i j

., _ 5T '
N
7 YY) ] y

v\ (TTT| TT \/ v
o 0630 AR b
yI=111 11 Y|V

)
i Lo 0 ITRL

What does this column vector mean?
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2D Coordinate Transformation

 Transform object description from 11" to!

N G
7 Y—=Yo JT( J y'

A |
(xY (P07 XOVX’\
yi=[iT" 71 Y Y
\1) \ 0 0 1 \1)

J

What does this column vector mean? Vector

i in the new reference system
CSE444:DSAH, Fall 2019



2D Coordinate Transformation

* Transform object description from i’ toj

7 Y—=Yo
A |
X\ (i
0'(%o: o) X L L
y jTir
>
0 i \1/ \ 0

iT e -
r)(" |

0

What does this column vector mean?
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2D Coordinate Transformation

* Transform object description from i’ toj

(v ) (TT0 | 7T \/ A
0'(X: Yo) X LTL LT{ %o | X
Y=l 110 101 YoV
>
i \1/ \ 0 0 1/\1/

What does this column vector mean? Vector

j in the new reference system
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2D Coordinate Transformation

* Transform object description from i’ toj

7 Y—=Yo
A |
X\ (i
0'(%o: o) X L L
y jTir
>
0 i \1/ \ 0

iT e -
r)(" i

0

What does this column vector mean?

CSE444:DSAH, Fall 2019




2D Coordinate Transformation

* Transform object description from i’ toj

[ 0%, ¥o)

)
0 i

What does this column vector mean? The

X— X,
7 (y_%):£
| ‘x\ (iTi
y|=| 17"
L) 0

\

iT e -
r)(" i

0

old origin in the new reference system
CSE444:DSAH, Fall 2019




2D Coordinate Transformation

e 2D translation

y (xY (7T T x (X

JAp ST T : '

¢ Y= 1r bl Yoy

s 1) o o 1)1,
0'(X01YO) i
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2D Coordinate Transformation

e 2D translation

i (x)
A P y
R 1
>
0' (X Yo) '

(73

\

vl
0

CSE444:DSAH, Fall 2019
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i
0

/X’\
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2D Coordinate Transformation

e 2D translation

i X))
A P y
R 1
>
0' (X Yo) '

(T

\

i0’
0

CSE444:DSAH, Fall 2019
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i1j
0

/X’\
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2D Coordinate Transformation

e 2D translation&rotation

(x\ (i3 075 XOVX’\

y =T 0T Y| Y

R \l) \ 0 0 1/\1)
>
0 i
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2D Coordinate Transformation

e 2D translation&rotation

(x\ (cosd® ']
y|=| J1° J7T
1) Lo o

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

e 2D translation&rotation

'x\ (cos@ T
yi=|sing j
1) Lo o

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

e 2D translation&rotation

(x) (cosé i x, ) x"
y|=|sin6 1" yo |V
R 1) \ 0 0 1)\1)
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2D Coordinate Transformation

e 2D translation&rotation

(X))
y

(cosf —sind X,

Sin @

1)

.0

CSE444:DSAH, Fall 2019

_.’T _.”

])
0

Yo

/X’\

1
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2D Coordinate Transformation

e 2D translation&rotation

(X))
y

(cosf —sind X,

Sin @

1)

.0

CSE444:DSAH, Fall 2019
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1
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2D Coordinate Transformation

e 2D translation&rotation

(X))
y

(cosf —sind X,
sind cosd vy,

1)

/X’\

L0 0 1,

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

« An alternative way to look at the problem

- set up a transformation that superimposes the x'y’ axes onto the xy axis

: P=[X,

CSE444:DSAH, Fall 2019 49



2D Coordinate Transformation

« An alternative way to look at the problem

- set up a transformation that superimposes the x'y’ axes onto the xy axis

R Y

00'(X01 YO) i
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2D Coordinate Transformation

« An alternative way to look at the problem

- set up a transformation that superimposes the x'y’ axes onto the xy axis

cosd snd 0)1 0 —x,|x
—-sing cosd 00 1 -y, |V
0 0 1)0 0 1 \1

CSE444:DSAH, Fall 2019 51
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2D Coordinate Transformation

* An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)

X’ cosd snd 0)1 0 —x, | x
p y'|=|-sin@ cosd 0|0 1 -y, |y
1 0 0 10 0 1 |1

00'(X01 yo) | i'
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2D Coordinate Transformation

« An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)
* How to transform the point from (x’,y’) to

(X,y)?
X’ cosd snd 0)1 0 —x, | x
p y'|=|-sin@ cosd 0|0 1 -y, |y
1 0 o 1/0 0 1 \1

00'(X01 yo) | i'

CSE444:DSAH, Fall 2019 53
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2D Coordinate Transformation

« An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)
* How to transform the point from (x’,y’) to

(X,y)? Invert the matrix!
1 0 —-x,)( cos@ sing 0)(x
0 1 —-y,| |—-sin@ cosd Of |y
0 0 1 0 0 1) (1

CSE444:DSAH, Fall 2019 54




2D Coordinate Transformation

« An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)
* How to transform the point from (x’,y’) to

(X,y)? Invert the matrix!

1 0 =X,
=0 1 -y,
0 0 1

}

|

00'(X01 yo) | i'

CSE444:DSAH, Fall 2019

cosd sind 0\ (x
—sin@ cosd O |y
0 0 1) 1\1
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2D Coordinate Transformation

* An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)

* How to transform the point from (x’,y’) to
(X,y)? Invert the matrix!

1 0 —x,\[( cos@ sing 0 (x
=10 1 -y, || —-sing@ cosd O |V
00 1 0 0 1)11

CSE444:DSAH, Fall ZEJOQ
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2D Coordinate Transformation

* An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)

* How to transform the point from (x’,y’) to
(X,y)? Invert the matrix!

1 0 —=x,)[(| cosé sing 0Y]
=0 1 —-y,|||-sin@d cosd O
0 0 1 0 0 1

CSE444:DSAH, Fall ZEJOQ
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2D Coordinate Transformation

* An alternative way to look at the problem
* This transforms the point from (x,y) to (x,y’)

* How to transform the point from (x’,y’) to
(X,y)? Invert the matrix!

1 0 —=x,)[(| cosé sing 0Y]
=0 1 —-y,|||-sin@d cosd O
0 0 1 0 0 1
OO'(X01 yO) | i'

0 X, cosd -sing 0
1y, sihg cosd O
CSE444:DSAH, Fall 2019 0 58
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2D Coordinate Transformation

e Same results!

(X))
y

1)

(cosf —sind X,
sind cosd vy,

/X’\

L0 0 1,

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

e 2D translation&rotation
(x\ (? ? ?2\(x"

yi=[? 7 ?|y
1)\? 7 AL

CSE444:DSAH, Fall 2019



2D Coordinate Transformation

e 2D translation&rotation

x)
y

(cos30 —sin30 0)
sin30 cos30 O

1)

CSE444:DSAH, Fall 2019
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2D Coordinate Transformation

e 2D translation&rotation
(x\ (? ? ?2\(x"

yi=[? 7 ?|y
1)\? 7 AL

CSE444:DSAH, Fall 2019



2D Coordinate Transformation

e 2D translation&rotation

(x) (cosd45 sin45 0) x')
y|=|-sin45 cos45 0|V

1) U0 0 1A1,

CSE444:DSAH, Fall 2019 63
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2D Coordinate Transformation

" 2D translation&rotation
(x\ (? ? ?2\(x"

yi=[? 7 ?|y
1)\? 7 AL

CSE444:DSAH, Fall 2019



2D Coordinate Transformation

" 2D translation&rotation

x)
y

[ cos45

sin45 4 )

—sin45 cos45 -2

1)

. 0

CSE444:DSAH, Fall 2019
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Notation

e Coordinate systems are represented with brackets

{B}, {O}, etc. Frame of Reference
* Vectors / I OX_
— Lets L.ook qt a Vector P AP —| D
Described in Frame A y
C)Z

— Leading Subscript describes the frame
In which the Vector is described or
Referenced

— Individual Elements of a vector
are described by a trailing subscript

CSE444:DSAH, Fall 2019



Matrix Notation

New Frame of Reference\A

°R

N\

T

Original Frame of Reference

CSE444:DSAH, Fall 2019
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Homogenous Transformations
Represent 3 Things

* Describe a Frame
 Map from one Frame to another
* Act as an Operator to move within a

Frame
A
N

CSE444:DSAH, Fall 2019
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Transforms Describe Frames

* Frames can be described by Y iP BorgX
A Homogenous Transtormation AT = R Laorgy
Matrices BiPBGrgZ

0 0 0 1

e Description of Frame

} . 4 . .. L .
— Columns of BRare the Unit Vectors defining the directions of the

principle axes of {B} i terms of {A} m A
X,
A . 4 s A A A _,'\ _ B ~
p it = [ X e Zyl=| 7Y,
B-A
Z,

.4 : . . . : . o
— Rows of BR are the Unit Vectors defiing the directions of the principle
axes of {A} in terms of {B}

- A PBmg 1s the location of the origin of {B} mn terms or {A}

CSE444:DSAH, Fall 2019 69



Mapping Between Frames

» Maps vector from Frame {B} to Frame {A}

4 |
A . q- . . A PBorgX
2 Rwill rotate a vector to project its 4 R ‘p
S h ‘ A _ . Borg
components originally described in sl B 4p
S A S ] ... BorgZ
1B} 1n the {A} of Frame o o0 o 1

Pgore will translate the vector to adjust 1ts origin from frame -
new origin i {A}

bps4p

CSE444:DSAH, Fall 2019
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Representing Position (2D)

)’Z <«—— Avector of length one pointing

In the direction of the base
frame x axis

<>

<+— A vector of length one pointing

In the direction of the base
frame y axis

<V



Representing Position: vectors
Yo
* The prefix superscript denotes the A n
reference frame in which the vector Ya
should be understood

Same point, two different
reference frames



Representing Position: vectors (3D)

ped g
Z _2_ z
| right-handed
p=|5 .. coordinate frame
_2_ )’Z ‘ A vector of length one pointing in the

direction of the base frame x axis

2X+5y+27 .

y <+— Avector of length one pointing in the
direction of the base frame y axis

. «—— Avector of length one pointing in the
direction of the base frame z axis



The Rotation Matrix

Y Ya
B A
_— cos(@) —sin(6)
° \sin(@) cos(6)
A p:ARB B p ),ZB

A
RB .To specify the coordinate vectors
for the fame B with respect to

frame A
' : X X
. A 1 COS(H) SII’](&’) 8: The angle between X, and X
Ra="Re = : in anti clockwise direction
—sin(@) cos(6)

Bp:BRAAp




The Rotation Matrix

Ap _|A A
RB _[ Xgox1 yBle]

MXap = COSORK, +5iN6.Y,

Vo = —SINOK, +C0SOY,



Useful formulas

"R=(4R) " =(4R)’
R-R*=1I

SRAR =1

Det(R) =1

CSE444:DSAH, Fall 2019
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- Example 1

. [10
= A A
110 | By Ay

find %p

° X

R, = cgs(go) —sin(30) ol

sin(30)  cos(30)

SO\ > A

N X

Ry=| 2 2 p="R;"p
18 (V3 -1)
\ 2 2 )

A
v3 -1
o_| 2 2 [10)_( 36603
1 43 10) (13.6603
2




A

B

N

0"

p__lO_ B)A,

find °p

cos(—30) —sin(-30)

(sin(—SO) cos(—30)]

(3 1)

2 2

~1 /3 (/3

L2 2/ ep_| 2
-1

Example 1

A A

10
10

13.6603
3.6603



Example 1

Another Solution

(400 ~snie)

sin(30)  cos(30)
R AR -1 OR BRA:ARBT

(400 ~snie)

sin(30)  cos(30)



— Rotation about x-axis with

Basic Rotation Matrix

1 O 0
Rot(x,0)=|0 CO -S6
- 0 S0 Co
Py o
p, |=R(x,0)| p,
P | Pu_
0, = P,
0, = p,cosd—p,sinb

= DV sin O + pvc\;Séﬁog:ySAH, Fall 2019
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Basic Rotation Matrices

— Rotation about x-axis with @

1 0 0

R,,=Rot(x,0)=|0 CO -S@

0 SO Co |

— Rotation about y-axis with ¢

' CO 0 SO

R,,=Rot(y,0)= 0 1 O
-S0 0 CoO
— Rotation about z-axis with 6 ] )
Co -SO 0

R,, =Rot(z,0)=| S8 CO 0
nyz — RI:)uvw 0 O 1

CSE444:DSAH, Fall 2019 81



Example 2

« A point p.=(432) Is attached to a rotating frame,
the frame rotates 60 degree about the OZ axis of
the reference frame. Find the coordinates of the

point relative to the reference frame after the
rotation.

P.. = Rot(z,60) p,,,
05 -0.866 0]4] [-0.598
=1 0.866 05 0|3|=| 4.964
0 0 112 2
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* A point a,, =(432) Is the coordinate w.r.t. the
reference coordinate system, find the

corresponding point a,, Ww.r.t. the rotated
OUVW coordinate system if it has been

Example 3

rotated 60 degree about OZ axis.

P, = ROt(z,60)' Dy

OR: p,. = Rot(z,60)" p,,
OR: p,,, = Rot(z,-60)p,,,

05

—0.866
0

0.866 O]
05 O
0 1

4
3
2

[ 4598
~1.964

83



Composite Rotation Matrix

* A seguence of finite rotations
— matrix multiplications do not commute

— rules:

« If rotating coordinate OUVW is rotating about
principal axis of OXYZ frame, then Pre-multiply
the previous (resultant) rotation matrix with an
appropriate basic rotation matrix [rotation about
fixed frame]

« If rotating coordinate OUVW is rotating about its
own principal axes, then post-multiply the
previous (resultant) rotation matrix with an
appropriate basic rotation matrix [rotation about
current framepe444:0sAH, Fall 2019 84



Rotation with respect to Current

Frame

AD_A:QB B

Bp_B ?C >C

C P:CRDPD

AP="R,P°="R,®R.°R,P°
"R, ="R; °R,

A __A B C
RD_ RB RC RD:SE444:DSAH, Fall 2019
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Coordinate Transformations

e position vector of P
In {B} Is transformed
to position vector of P

in {A}

» description of
frame{B} as seen
from an observer In

1A}

A ip B
r, ="R,"r

I p
Rotation of {B} with respect to {A} - v

A
= L.
0

Translation of the origin efE{8psartharesigect to origin of {A} &6



Homogeneous Representation
 Coordinate transformation from {B} to {A}

*ro="Rg °r,+"r,

I Ay Apjy B
Can be written as P="H_®P
Rotation
matrix
(3*3)
\ A | A_
A _ R 5 ' Pp
H B I =T T -;- == == =
_ Ops + 1 _

CSE444:DSAH, Fall 2019

Position
vector
(3*1)
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Homogeneous Representation

AP="H_®p

Rotation
matrix
(3*3)

AP:

\

AHB

A

B Ol><3

Ry | Po

\

1_

CSE444:DSAH, Fall 2019

Position vector
of the origin of
frame B wrt
frame A (3*1)

88



Homogeneous Transformation
» Special cases
1. Translation

AHB _ I3><3 pB
_le3 1
2. Rotation
AH . ARB 03><1
. =
_les 1 i

CSE444:DSAH, Fall 2019
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Homogeneous Transformation

« Composite Homogeneous Transformation
Matrix

e Rules:

— Transformation (rotation/translation) w.r.t fixed
frame, using pre-multiplication

— Transformation (rotation/translation) w.r.t
current frame, using post-multiplication

CSE444:DSAH, Fall 2019 90



Example 5

* Find the homogeneous transformation matrix
(H) for the following operations:

Rotation o about OX axis
Translatio n of a along OX axis
Translatio n of d along OZ axis
Rotation of @ about OZ axis

H = Rot, ,Trans, ;Trans, ,Rot, ,

Answer: [ce -se 0 01 0 0 0t 0 0 aft O O O]
|se co 0 0f0 10 0[0 10 0|0 Ca ~Sa O
|0 0 10f001d|0O010[0 S¢ Ca O
'0 0 01J0 00 1J0 00 1J0 0O o0 1




Remember those double-angle formulas...

sin (6 + ¢) =sin (@) cos(g)+ cos(&)sin (¢)
cos(@ + ¢) = cos(@)cos(¢)F sin (6)sin (¢)



21

_a31

p:

Review of matrix transpose

B, A ay,
Ay, Ay3 Al = d,,
d3; a3 | d, 5
N s
d; A g
azlz’ 2 %3
d3; dip g3

m — p' =[5 2]

a‘21
a'22

a23

a31
a32

a’33

Important property: A'B' = (BA)T



and matrix multiplication...

A{aﬂ alz} B{bﬂ blz}
A1 Ay 0, 0y,

AB{au aiz}{bn blz}{aﬂblﬁalzbm a11b12+a12b22}

a'21 a22 b21 b22 a21bll + a22bZl a21blZ + a'22'322

Can represent dot product as a matrix multiply:

b, .
a-b:axbx+ayby:[ax a, ’ =a b

y




Kinematics

Kinematics is the science of motion
without regard to forces.

We study the position, velocity,
acceleration, jerk etc of objects

Concerned with the location of Objects

We will define coordinate systems or
frames to define there location
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Forward Kinematics
* Lets look at a simple link (1DOF)
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Forward Kinematics

« Want to know the end point of link In
terms of X and Y

* We have R and Theta

 From Geometry we can
determine the position:

N\
X =R-cos(8)
y =R-sin( &)
« and then the velocity
X =—R-sin(6)-6
y = R-cos(d)- 0
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Two Link Example

Y
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Two Link Example

YA '
@1:61 @2:91+92 PR A A0 )

x=R 1-C0S (G) 1) +R 2-cos(® 2)

y=R 1-sin(© 5) + R »-sin(®
sn(o ) +Rasn(og) 7

X| |cos(®;) cos(®,)||R

y| |sin(®,) sin(®,)||R,
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Coordinate Frames
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Coordinate Frames

* Now lets put it in matrix form
Xo =X, +€C0S(6;) — Y, -sin( &)
Yo =% -SIN( ‘91) +Y 'COS(‘91)

X, | _[cos(8) —sin(6)| | X
Vol [sin(6) cos@) | v,

Xo _fr] X

« So what if we want to map the other way?

X 1| %o

Mg

Ya Yo
« What is the inverse of T? Why?
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Coordinate Frames

» If we look at the columns and rows of T we see that they have a
norm of one.

» Also if we take the dot product of the columns we find they are
orthogonal to each other.

 So T is an ortho-normal Matrices. Thus its transpose is its inverse.

] = {cos(@l) —sin( 6’1)} T = cos(6,) sin(6,)
° sin(6;)  cos(é}) |- sin( (91) COS((91)
« This was a simple 2DOF example what about 3.

* |f we project a Z axes out the plane generated by the X and Y
axes, then a rotation around the Z axes will not affect the Z
position of the vector R.
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Coordinate Frames

 The 3D transformation axes about the Z
axes Is: "cos(y) —sin(y) 0

[T], =|sin(y) cos(y) O
0 0 1

1 0 0 - cos(B) O sin(p) |

[T] =|0 cos(e) —-sin(e)| [T}, =| O 1 0

0 sin(a) cos(a) | —sin(B) 0 cos(B)

« Similarly for rotations around the X or Y
axes we get
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Homogeneous
Transformation Matrices

» 3x3 Rotation Matrix Cl -S1 0
T,=[S1 Cl1 O
0 0 1
’h
 3x1 Displacement Vector R =]y,
N

* For a displacement and a rotation

[RoJ=[T}[R.]+[aR]
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4x4 Homogeneous Matrix

* If we want to perform a rotation and a

ation with one operation
Cl —-S1 0

trans

X
Yo

Z,

X

:[T]' Yi | T

AX
Ay
AZ

T =

S1 C1 O
0O 0 1

« We can create a homogeneous
Transformation Matrix

T, =

Cl -S1 0
S1 C1 O
0 0 1

AX, |

AY,
Az,

0 0 O

1

_XO_
Yo
Ly
0
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Homogeneous

Transformation Matrices

« What does a pure translation look like
1 0 0 x|

0 1 0 vy
0 0 1 z
00 0 1

* What does a pure rotation look like
Cl -S1 0 0

S1 C1 0 O
0O 0 1 0
0O 0 01
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