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Definitions
• Velocity: The derivative of position with 

respect to time.

• Acceleration: The derivative of velocity 

with respect to time.

• Jerk: The derivative of acceleration 

with respect to time.

• Link: Nearly rigid structure between 

joints.

• Joint: Allow relative motion between 

links.

• Joint Angle: Measurement of 

the relative position of two links t
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Definitions ..

• Joint Space:  Relative coordinates that are 

referenced to coordinate frames at the robot 

joints.

• Cartesian Space or Task Space.  Global  or 

base coordinate frame

• Jacobian: Specifies a mapping of Velocities in 

joint space to velocity in Cartesian or Task 

Space.

• Singularity:  Region or point at which the 

Jacobian is singular.
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Mathematical Background
sin ( )  sin 0( ) 0= cos 0( ) 1= sin 45 deg( ) 0.707=

90 deg 1.571 rad=  3.142 rad= 180 deg 3.142 rad=

x
sin x( )

d

d
cos x( )

d

dx
cos x( ) sin x( )

Chain Rule

t
F u( )

d

d

F

u

u

t


Example

Let F u( ) sin u( ) u x t( ) Then
t
F

d

d
cos x( )

x

t

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Review – Vector Operations

• Dot Product

v w


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Review – Vector Operations

• Dot Product: measuring similarity between 

two vectors

v w



)cos(|||| wvwv =
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Review – Vector Operations

• Dot Product: measuring similarity between 

two vectors

v w



)cos(|||| wvvw =
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Review – Vector Operations

• Dot Product: measuring similarity between 

two vectors

v w



1=vvUnit 

vector: 8CSE444:DSAH, Fall 2019



Review – Vector Operations

• Dot Product: measuring similarity between 

two vectors

v
w

)cos(|||| wvwv =
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Review – Vector Operations

• Dot Product: measuring similarity between 

two vectors

v
w

0=wv
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Review – Vector Operations

• Cross Product: measuring the area 

determined by two vectors

11

v w


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Review – Vector Operations

• Cross Product: measuring the area 

determined by two vectors

sin 2*v w v w u area u = = 

12

v w



u
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2D Coordinates

• 2D Cartesian coordinate system:

P: (x,y)

i

j

o
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2D Coordinate Transformation

• 2D Cartesian coordinate system:

P: (x,y)

i

j

o x

y
1=• ii



1=• jj


0=• ji

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2D Coordinate Transformation

• 2D Cartesian coordinate system:

P: (x,y)

i

j

o x

y

1=• ii


1=• jj


0=• ji


15

jyixop


+=
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

ji  ij

16CSE444:DSAH, Fall 2019



2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

ji  ij

17

Given the coordinates (x’,y’) in i’j’

- how to compute the coordinates (x,y) in 

ij?
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

ji  ij

18

Given the coordinates (x’,y’) in i’j’

- how to compute the coordinates (x,y) in 

ij?



0x

0y
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

ji  ij

),( 00 yx

19

Given the coordinates (x’,y’) in i’j’

- how to compute the coordinates (x,y) in 

ij?
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

jyixop


+=

ji  ij

),( 00 yx
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

jyixop


+=

jyixpo +=


ji  ij

),( 00 yx
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

jyixop
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+=

jyixpo +=
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jyixoo +=
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

poooop +=

ji  ij

),( 00 yx
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o
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jyixop
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+=
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00
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),( 00 yx
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

poooop +=

ji  ij

jyixjyixjyix +++=+
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00

),( 00 yx
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2D Coordinate Transformation

• Transform object description from     to

pj
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2D Coordinate Transformation

• Transform object description from     to

pj
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2D Coordinate Transformation

• Transform object description from     to

pj

i
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2D Coordinate Transformation

• Transform object description from     to

pj
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2D Coordinate Transformation

• Transform object description from     to
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2D Coordinate Transformation

• Transform object description from     to
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2D Coordinate Transformation

• Transform object description from     to
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2D Coordinate Transformation
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What does this column vector mean? 
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2D Coordinate Transformation

• Transform object description from     to
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What does this column vector mean? Vector 

i’ in the new reference system

ii T 


ij T 

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2D Coordinate Transformation

• Transform object description from     to
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What does this column vector mean? 
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2D Coordinate Transformation

• Transform object description from     to
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What does this column vector mean? Vector 

j’ in the new reference system

ji T 


jjT 

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2D Coordinate Transformation

• Transform object description from     to
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What does this column vector mean?
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2D Coordinate Transformation

• Transform object description from     to

pj

i

i

j

o

o

ji  ij

( ) 


























=









−

−

y

x
ji

j

i

yy

xx
T

T 




0

0









































=
















11001

0

0

y

x

yjjij

xjiii

y

x
TT

TT




),( 00 yx

38

What does this column vector mean? The 
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2D Coordinate Transformation

• 2D translation
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2D Coordinate Transformation

• 2D translation
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2D Coordinate Transformation

• 2D translation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• An alternative way to look at the problem
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- set up a transformation that superimposes the x’y’ axes onto the xy axis
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2D Coordinate Transformation

• An alternative way to look at the problem

i

j

o

P=[x,

y]
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- set up a transformation that superimposes the x’y’ axes onto the xy axis
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2D Coordinate Transformation

• An alternative way to look at the problem

i

j

o

P=[x,

y]

j

io ),( 00 yx

51

- set up a transformation that superimposes the x’y’ axes onto the xy axis
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)?
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)? Invert the matrix!
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)? Invert the matrix!
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)? Invert the matrix!
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)? Invert the matrix!
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2D Coordinate Transformation

• An alternative way to look at the problem

• This transforms the point from (x,y) to (x’,y’)

• How to transform the point from (x’,y’) to 

(x,y)? Invert the matrix!
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2D Coordinate Transformation

• Same results!
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation
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2D Coordinate Transformation

• 2D translation&rotation

p

j

i

i

j

o
o





































−=
















1100

045cos45sin

045sin45cos

1

y

x

y

x

45

63

63CSE444:DSAH, Fall 2019



2D Coordinate Transformation

• 2D translation&rotation

p

j

i

i

j

o

)2,4( −o





































=
















1???

???

???

1

y

x

y

x

45
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2D Coordinate Transformation

• 2D translation&rotation

p

j

i

i

j

o

)2,4( −o





































−−=
















1100

245cos45sin

445sin45cos

1

y

x

y

x

45−
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Notation

• Coordinate systems are represented with brackets

{B}, {0}, etc.

• Vectors

– Lets Look at a Vector P 

Described in Frame A

– Leading Subscript describes the frame

in which the Vector is described or 

Referenced

– Individual Elements of a vector

are described by a trailing subscript

















=

z

y

x

A

p

p

p

P

Frame of Reference

66
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Matrix Notation

RA

B

TA

B

New Frame of Reference

Original Frame of Reference

67
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Homogenous Transformations 

Represent 3 Things
• Describe a Frame

• Map from one Frame to another

• Act as an Operator to move within a 

Frame

TA

B

68
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Transforms Describe Frames
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Mapping Between Frames
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Representing Position (2D)

x

y

p

5

2








=

2

5
p (“column” vector)

yxp ˆ2ˆ5 +=

x̂ A vector of length one pointing 

in the direction of the base 

frame x axis

A vector of length one pointing 

in the direction of the base 

frame y axis

ŷ



Representing Position: vectors

• The prefix superscript denotes the 

reference frame in which the vector 

should be understood









=








+








=

4

8

2

3

2

5
pb 3

2

a p
 

=  
 

Same point, two different 

reference frames

p

5

2

b

ˆ
ax

bx̂

bŷ

ˆ
ay

3

2



Representing Position: vectors (3D)

x

y

z

right-handed 

coordinate frame

x

y

z

















=

2

5

2

p

p

zyxp ˆ2ˆ5ˆ2 ++=

x̂ A vector of length one pointing in the 

direction of the base frame x axis

A vector of length one pointing in the 

direction of the base frame y axis

ŷ

A vector of length one pointing in the 

direction of the base frame z axis

ẑ



pRp B

B

AA =

The Rotation Matrix

( ) ( )
( ) ( ) 








 −
=





cossin

sincos
B

AR

( ) ( )
( ) ( )










−
==

−





cossin

sincos1

B

A

A

B RR





ˆ
Ax

ˆ
Ay

ˆ
Bx

ˆ
By

pRp A

A

BB =

:To specify the coordinate vectors 

for the fame  B with respect to 

frame A

B

AR

p

ˆ
Ax ˆ

Bxθ: The angle between       and

in anti clockwise direction   



The Rotation Matrix

 
1212 xB

A

xB

A

B

A yxR =

2 1
ˆ ˆcos sin .A

B x A Ax x y = +

2 1
ˆ ˆsin cosA

B x A Ay x y = − +





ˆ
Ax

ˆ
Ay

ˆ
Bx

ˆ
By



Useful formulas

1)(

.

)()(

1

1

=

=

=

==

−

−

RDet

IRR

IRR

RRR

A

B

B

A

TA

B

A

B

B

A
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







=

10

10
pB

Example 1

pRp B

B

AA =

( ) ( )
( ) ( ) 








 −
=

30cos30sin

30sin30cos
B

AR

30

30

xA ˆ

yA ˆ

xB ˆ

yB ˆ

pfind A

















 −

=

2

3

2

1
2

1

2

3

B

AR









=

























 −

=
13.6603

3.6603

10

10

2

3

2

1
2

1

2

3

PA











=

10

10
pA

Example 1

pRp A

A

BB =

( ) ( )
( ) ( ) 










−−

−−−
=

30cos30sin

30sin30cos
A

BR

30

30

xA ˆ

yA ˆ

xB ˆ

yB ˆ

pfind B



















−
=

2

3

2

1
2

1

2

3

A

BR









=



























−
=

3.6603

13.6603

10

10

2

3

2

1
2

1

2

3

PB



Example 1

1−
= B

A

A

B RR

( ) ( )
( ) ( ) 








 −
=

30cos30sin

30sin30cos
A

BR

( ) ( )
( ) ( ) 








 −
=

30cos30sin

30sin30cos
B

AR

Another Solution

OR
T

B

A

A

B RR =



Basic Rotation Matrix

– Rotation about x-axis with

















−=





CS

SCxRot

0

0

001

),(

x

z

y

v

w

P

u









cossin

sincos

),(

wvz

wvy

ux

w

v

u

z

y

x

ppp

ppp

pp

p

p

p

xR

p

p

p

+=

−=

=

















=
















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Basic Rotation Matrices
– Rotation about x-axis with

– Rotation about y-axis with 

– Rotation about z-axis with

uvwxyz RPP =

















−==





CS

SCxRotRx

0

0

001

),(,

 

0

010

0

),(,

















−

==







CS

SC

yRotRy















 −

==

100

0

0

),(  , 



 CS

SC

zRotRz






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Example 2

• A point                  is attached to a rotating frame, 

the frame rotates 60 degree about the OZ axis of 

the reference frame.  Find the coordinates of the 

point relative to the reference frame after the 

rotation.

)2,3,4(=uvwp















−

=































 −

=

=

2

964.4

598.0

2

3

4

100

05.0866.0

0866.05.0

)60,( uvwxyz pzRotp
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Example 3

• A point                  is the coordinate w.r.t. the 

reference coordinate system, find the 

corresponding point         w.r.t. the rotated 

OUVW coordinate system if it has been 

rotated 60 degree about OZ axis.

)2,3,4(=xyza

uvwa

1

( ,60)

: ( ,60)

: ( , 60)

0.5 0.866 0 4 4.598

0.866 0.5 0 3 1.964

0 0 1 2 2

T

uvw xyz

uvw xyz

uvw xyz

p Rot z p

OR p Rot z p

OR p Rot z p

−

=

=

= −

     
     

= − = −
     
           83



Composite Rotation Matrix
• A sequence of finite rotations 

– matrix multiplications do not commute

– rules:

• if rotating coordinate OUVW is rotating about 

principal axis of OXYZ frame, then Pre-multiply

the previous (resultant) rotation matrix with an 

appropriate basic rotation matrix [rotation about 

fixed frame]

• if rotating coordinate OUVW is rotating about its 

own principal axes, then post-multiply the 

previous (resultant) rotation matrix with an 

appropriate basic rotation matrix [rotation about 

current frame] 84CSE444:DSAH, Fall 2019



Rotation with respect to Current 

Frame

85

B

B

AA PRP=
C

C

BB PRP=

D

D

CC PRP=

D

D

C

C

B

B

AD

D

AA PRRRPRP ==

D

B

B

A

D

A RRR =

D

C

C

B

B

A

D

A RRRR = CSE444:DSAH, Fall 2019



Coordinate Transformations
• position vector of P 

in {B} is transformed 

to position vector of P 

in {A}

• description of 

frame{B} as seen 

from an observer in 

{A}

Rotation of {B} with respect to {A}

Translation of the origin of {B} with respect to origin of {A} 86CSE444:DSAH, Fall 2019



Homogeneous Representation
• Coordinate transformation from {B} to {A}

Can be written as 

'o

A

p

B

B

A

P

A rrRr +=

Position 

vector 

(3*1)









=

 1310

R
A

BB

A

B

A p
H

Rotation 

matrix 

(3*3)

87

PHP B

B

AA =

CSE444:DSAH, Fall 2019



Homogeneous Representation

Position vector 

of the origin of 

frame B wrt 

frame A (3*1)









=

 1310

R
A

BB

A

B

A p
H

Rotation 

matrix 

(3*3)

88

PHP B

B

AA =





















=

1

p

A

p

A

p

A

A

z

y

x

P





















=

1

p

B

p

B

p

B

B

z

y

x

P
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Homogeneous Transformation
• Special cases

1. Translation

2. Rotation









=





10

0

31

13B

A

B

A R
H









=





10 31

33

A

B

B

A pI
H

89CSE444:DSAH, Fall 2019



Homogeneous Transformation

• Composite Homogeneous Transformation 

Matrix

• Rules:

– Transformation (rotation/translation) w.r.t fixed 

frame, using pre-multiplication

– Transformation (rotation/translation) w.r.t 

current frame, using post-multiplication

90CSE444:DSAH, Fall 2019



Example 5

• Find the homogeneous transformation matrix 

(H) for the following operations:

:

axis OZabout   ofRotation 

axis OZ along d ofn Translatio

axis OX along a ofn Translatio

axis OXabout  Rotation 

Answer





 ,,,, xaxdzz RotTransTransRotH =



















−





















































 −

=

1000

00

00

0001

1000

0100

0010

001

1000

100

0010

0001

1000

0100

00

00







CS

SC

a

d

CS

SC

91



Remember those double-angle formulas…

( ) ( ) ( ) ( ) ( ) sincoscossinsin =

( ) ( ) ( ) ( ) ( ) sinsincoscoscos =



















=

333231

232221

131211

aaa

aaa

aaa

A

















=

332313

322212

312111

aaa

aaa

aaa
T

A

















333231

232221

131211

aaa

aaa

aaa









=

2

5
p  25=Tp

Review of matrix transpose

( )TTT
BABA =Important property:











=

2221

1211

aa

aa
A 








=

2221

1211

bb

bb
B

and matrix multiplication…










++

++
=
















=

2222122121221121

2212121121121111

2221

1211

2221

1211

babababa

babababa

bb

bb

aa

aa
AB

  ba
b

b
aabababa T

y

x

yxyyxx =







=+=

Can represent dot product as a matrix multiply:
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Kinematics

• Kinematics is the science of motion 

without regard to forces.

• We study the position, velocity, 

acceleration, jerk etc of objects

• Concerned with the location of Objects

• We will define coordinate systems or 

frames to define there location

95
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Forward Kinematics

X

Y

R

31°

x

y

• Lets look at a simple link (1DOF)

96
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Forward Kinematics

X

Y

R

31°

x

y

• Want to know the end point of link in 

terms of X and Y

• We have R and Theta

• From Geometry we can

determine the position:

)cos(= Rx
)sin(= Ry

  −= )sin(Rx

  = )cos(Ry

• and then the velocity

97
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Two Link Example

x

Y

x

y

2

1

Q2R1

R2

98
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Two Link Example

X

Y
x

y

2

1

Q2

Q 1  1 Q 2  1  2

x R 1 cos Q 1
 R 2 cos Q 2



y R 1 sin Q 2
 R 2 sin Q 2




















QQ

QQ
=









2

1

21

21

)sin()sin(

)cos()cos(

R

R

y

x

99
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Coordinate Frames

R

X0

Y0

100
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Coordinate Frames
















 −
=









1

1

11

11

0

0

)cos()sin(

)sin()cos(

y

x

y

x





• Now lets put it in matrix form

• So what if we want to map the other way?

• What is the inverse of T? Why?

)cos()sin(

)sin()cos(

11110

11110





+=

−=

yxy

yxx

  







=









1

1

0

0

y

x
T

y

x

  







=







 −

0

01

1

1

y

x
T

y

x

101
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Coordinate Frames
• If we look at the columns and rows of T we see that they have a 

norm of one.

• Also if we take the dot product of the columns we find they are 

orthogonal to each other.

• So T is an ortho-normal Matrices.  Thus its transpose is its inverse.

•
  









−
=

−

)cos()sin(

)sin()cos(

11

111




T  







 −
=

)cos()sin(

)sin()cos(

11

11




T

• This was a simple 2DOF example what about 3.

• If we project a Z axes out the plane generated by the X and Y 

axes, then a rotation around the Z axes will not affect the Z 

position of the vector R. 
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• The 3D transformation axes about the Z 

axes is:

• Similarly for rotations around the X or Y 

axes we get

CSE444:DSAH, Fall 2019

Coordinate Frames
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Homogeneous 

Transformation Matrices
• 3x3 Rotation Matrix

• 3x1 Displacement Vector

• For a displacement and a rotation
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4x4 Homogeneous Matrix

• If we want to perform a rotation and a 

translation with one operation

• We can create a homogeneous 

Transformation Matrix
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Homogeneous 

Transformation Matrices
• What does a pure translation look like

• What does a pure rotation look like
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