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General Equation of Second Degree

Describe various conditions of general equation of second degree is,

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0.

Which will represent the followings,

1.
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A pair of straight lines if the determinant, A =

Q@ =
- T
a
I
o

Two parallel lines if A = 0, h? = ab.

Two perpendicular lines if A= 0,a+ b = 0.

Acircleifa = b,h = 0.

A parabola if A # 0,h? = ab

Anellipse if A+ 0,h? —ab < 0.

A hyperbolaif A # 0,h? —ab > 0.

A rectangular hyperbolaifa + b = 0,h?> —ab > 0,A # 0.

Mathematical Problem:

Problem-01: Test the nature of the equation 3x? — 8xy — 3y% + 10x — 13y + 8 =0.
Solution: Given that,

3x2 —8xy —3y2 + 10x — 13y + 8 = 0 ee.cev cev et e e et eer et eee e o (1)
Also the general equation of second degree is,
ax? 4+ 2hxy + by? + 2gx + 2fY + € = 0 cevcee ee e e e et et e e e e (1)

Comparing (i) and (i) we have,
a=3,h=—-4b=-3,g=5,f= —12—3,c=8.
Now, A = abc + 2fgh — af? — bg? — ch?
=3><(—3)><8+2><(—12—3)><5><(—4)—3><(—12—3)2—(—3)><25—8><16

=—72+260—5%7+75—128

Since, A = 34—3 #+ 0 so the given equation represents a conic.

Again, h> —ab=16+9=25>0

And,a+b=3-3=0

Since, a +b = 0,h? —ab > 0,A= 0. so the given equation represents a rectangular
hyperbola.

Problem-02: Test the nature of the equation 9x? — 24xy + 16y%2 — 18x — 101y + 19 = 0.
Solution: Given that,

9x% — 24xy + 16y% — 18x — 101y + 19 = 0 ee cee e ve e eer ere eee e e e e (D)
Also the general equation of second degree is,
ax? + 2hxy + by? + 2gx + 2fY + € = 0 et cev cee ee et e et et et eer e e s e (1)



Comparing (i) and (ii) we have,
101
a=9h=-12b=16g=-9,f=-—-,c=19.
Now, A = abc + 2fgh — af* — bg® — ch?
101

)>< (=9) x (=12) — 9 x (—7)2 — 16 x

=9x (-12) x 19+ 2% (-
(—=9)% — 19 x (—=12)?
= —2052 — 10908 —
_ 159777
- 4
Since, A = — 1594777 # 0 so the given equation represents a conic.

Again, h2 —ab = (—12)2 —9x 16 = 144 — 144 = 0
Since, h? — ab = 0, A+ 0. so the given equation represents a hyperbola. (As desired)
Problem-03: Test nature of the equation 8x> + 4xy + 5y —24x—24y =0.

Solution:
Given general equation of second degree is

8X% +AXY +5Y? —24X =24y =0 +cevreiinniiiinnn (i)
Comparing this above equation with the standard equation ax* + 2hxy +by* +2gx+ 2 fy +c =0we
get

91809

— 1296 — 2736

a=8,h=2b=50g=-12,f =-12 &c=0

Now,
a h g 8 2 12
A=h b f|=] 2 5 -12/=8(0-144)-2(0-144)-12(—24 +60)
g f c¢| |-12 -12 O
= 8(~144) — 2(~144) —12(~24 + 60)
=-1152+288—-432
=-1296+0
And

h?—ab=2°-40=4-40=-36<0
Since A=0 and h®—ab<0. So the equation represents an ellipse.

Problem-04: Test nature of the equation x*+2xy + y* +2x—1=0to the standard form.
Solution:
Given general equation of second degree is
X2+2xy+y2+2X_1:0 .................. (|)
Comparing this above equation with the standard equation ax* + 2hxy +by” + 2gx+2 fy + ¢ = 0 we

get
a=1,h=1b=19g=1,f=0&c=-1

Now,



a h g 11 1
A=lh b fj=1 1 0[|=1+0
g f ¢/ 10

And
h?—ab=1-1=0
Since A=0 and h*> —ab=0. So the equation represents parabola.

HW
Test the nature of the following equations and find its centre.
a. 2x2—-3xy+y>—5x+4y+6=0 Ans: Hyperbola; (2,1).
b. 4x?+9y?2—-8x+36y—31=0 Ans: Ellipse
c. 2x?—3y%+8x+30y—27=0. Ans: Hyperbola; (—2,5).
d x2—xy—2y2—x—4y—2=0.
Ans: Pair of straight lines; (0, g)
e. x2+2xy+y?+2x—1=0. Ans: Parabola.

Pair of straight lines
Locus of a Point:
A locus of a point is a path in which it moves in a plane or in a space by following the certain
rules/conditions.
Pair of straight lines:
A pair of straight lines is the locus of a point whose coordinates satisfy a second-degree equation
ax® + 2hxy +by” + 2gx+2fy+¢c=0. A collection of combined two straight lines is called a pair of

straight lines.

Homogeneous equation:
An equation in which degree of each term in it is equal is called Homogeneous equation. Such as

ax® + 2hxy +by® =0 is a homogeneous equation of degree or order 2 because degree of its each term is
two. It is noted that homogeneous equation always represents straight lines passing through the origin.




< Angle between the lines represented by the equation ax® + 2hxy +by® = 0 is calculated by formula

24/h* —ab
a+b
e Lines be perpendicular if a+b=0

e Lines be parallel/coincident if h* = ab
Since two lines passes through the point (0,0) , so lines must be coincident.

tan @ =

e Lines represented by homogeneous equation is real if h*> > ab.
e Lines represented by homogeneous equation are imaginary if h® < ab . But passes through
the point (0, 0) .
+«+ The equation of the bisectors of an angle produced by the pair of straight line represented by the

22
equation ax* +2hxy +by* =0 is Xy N
a-b h

OO0 Find the lines represented by the equation 3x* —16xy +5y* =0.

Solution:
1% Process:
Given homogeneous equation is as follows

3x* —16xy +5y* =0
We expressed the given equation as
3x* —16xy +5y* =0
3x* —15xy —xy +5y* =0
3X(x-5y)—-y(x-5y)=0
(x=5y)(8x-y)=0
Therefore x—5y =0 and 3x—-y=0

These are the straight lines passing through the origin.
2" Process:
Given homogeneous equation is as follows

3x* —16xy +5y* =0
We expressed the given equation as

3x* —16xy +5y* =0

3x* —-16y.x+5y* =0

X:16yi\/(—16y)2—4.3.5y2  paor_dac
53 SoX= ”
X:16yi,/256y2—60y2
6
X:16yi~/196y2
6
X:16yi14y

6



_ley+14y 30y 5y

Taking positive sign we get X 5 5

Therefore X=5y = x-5y=0
And taking negative sign we get X = 16)’% = 2_y = %
Therefore x:%:>3x:y 23Xx—-y=0

Therefore x—5y=0 and 3x—y=0

These are the straight lines passing through the origin.
H.W:

e Find the lines represented by the equation 3x* +8xy —3y* =0.

e Find the lines represented by the equation 2x* +5xy +3y* = 0.

e Find the lines represented by the equation8x*> —42xy —11y* =0.
e Find the lines represented by the equation5x* —12xy +3y* =0.

e Find the lines represented by the equation 3x* —16xy +5y* =0.

e Find the lines represented by the equation 33x” —71xy —14y* =0.

OO0 Find the angle between the lines represented by the equation 3x* —16xy +5y* =0.

Solution:
Given homogeneous equation is as follows

3x* —16xy +5y* =0
Comparing the given equation with the general homogeneous equation ax® + 2hxy +by* =0 we have
a=3,h=-8 and b=5.
Let an angle between the lines is 4.
2vh*—ab
a+b

g 2./(-8)2-35

3+5

24/64-15
8

Then we have tané =

tan @ =

i 27 1
8 8 8

s @=tan? (%j =60.26°

tan @

Therefore, the angle between the lines is 60.26°.
H.W:

e Find the angle between the lines represented by the equation 3x* +8xy —3y* =0.
e Find the angle between the lines represented by the equation 2x* +5xy +3y* =0.
e Find the lines represented by the equation8x> —42xy —11y* =0.

e Find the lines represented by the equation5x> —12xy +3y? =0.



00 Find the equation of the bisectors of an angle produced by the pair of straight
line represented by the equation 3x* —16xy +5y* = O at origin.

Solution:
Given homogeneous equation is as follows
3x* —16xy +5y* =0
Comparing the given equation with the general homogeneous equation ax® + 2hxy +by®* =0 we have
a=3,h=-8 and b=5.
We know that,
The equation of the bisectors of an angle produced by the pair of straight line represented by the equation
oy xy
a-b h
X2 —y* xy
So the required equation is =—
3-5 -8
X2 _ yz ~ ﬁ
-2 -8

2 2

X-y _ Xy

ax® +2hxy +by* =0 is

1 4
4x*—y*)=xy
4x*—y*)=xy
(Ans).
e Find the equation of the bisectors of an angle produced by the pair of straight line represented by
the equation 3x° +8xy —3y? =0 at origin.
e Find the equation of the bisectors of an angle produced by the pair of straight line represented by
the equation 2x* +5xy +3y* =0 at origin.
e Find the equation of the bisectors of an angle produced by the pair of straight line represented by
the equation 8x* —42xy —11y® =0 at origin.

Non-homogeneous equation:
An equation in which degree of each term in it is not equal is called Non-homogeneous equation. Such as

ax® + 2hxy +by? + 2gx + 2 fy + ¢ = 0 is a non- homogeneous equation of degree or order 2.

Note:
ax® + 2hxy +by? + 2gx+ 2 fy +¢ =0, represents straight lines if
a h g
A=lh b f|=abc+2fgh—af®—-bg*—ch*=0
g f c

< Angle between the lines represented by the equation, ax* + 2hxy +by” + 2gx+2fy+c=0 s

2\/h*—ab

a+b ﬁ

calculated by formula tan @ =




e Lines be perpendicular if a+b=0
e Lines be parallel if h* = ab
e Lines represented by Non-homogeneous equation is real if h* > ab.

e Lines represented by Non-homogeneous equation are imaginary if h® <ab. But passes
through a real point (a,b) .
+» The equation of the bisectors of an angle produced by the pair of straight line represented by the

(x=a)’ ~(y=p5)° _ (x=a)(y-p)

equation ax’ +2hxy +by® +2gx+2fy+c=0is . " , where
a_
(a, B) is the intersection point of those lines.
(=1 Show that 6x° —5xy —6Yy* +14x +5Yy + 4 = 0 represents pair of straight lines.
Solution:
Given equation is,
6X° —5XYy —6Y* +14X+BY +4=0 - eevereenn (i)
Comparing this above equation with the standard equation ax® + 2hxy +by® +2gx + 2 fy + ¢ = 0 we get
a==6 ,h:—ﬁ,b:—G,g =7, f :E &c=4
2 2
Now,
6 -2 7
2
LI RN I N
2 2 4 2 2 4
7 > 4
2

_ 6(—24—§)—(—§j(—1o—§j+7(—§+42j
4 2 2 4

=6(—24—§)+§(—10—3—5j+7£—§+42j
4° 2 2 4



=(-144- @) + (—25 - @j + (—§ + 294]
4 4 4

_ —9576-150 N (—100 —175} N ( =175 +1176]
4 4 4

726 (=275 1001
= + +
4 4 4
1001 1001
4 4
Since A =0 so the given equation represents a pair of straight lines.
H.W:

1. Prove that 2y? — xy —x* 4+ 2x+ y —1= 0 represents pair of straight lines.

2. Prove that 2y? +3xy +5y —6x+ 2 = O represents pair of straight lines.

3. Prove that 3y® —8xy —3y? —29x + 3y —18 = Orepresents pair of straight lines.
4. Prove that x*+6xy+9y® + 4x+12y —5 = Orepresents pair of straight lines.
5. Prove that 2x*> —7xy +3y? + X+ 7y —6 = Orepresents pair of straight lines.

(™1 For what value of A the equation 12x* +36xy + Ay> +6X+6Y +3 =0 represents a pair of straight

lines.
Solution:
Given equation is,

12X% +36XY + Ay +6X+6Y+3=0 «--oeeeenee (i)

Comparing this above equation with the standard equation ax® + 2hxy +by® +2gx + 2 fy + ¢ = 0 we get
a=12 ,h=18b=1,9=3,f =3&c=3
Here the given equation represents a pair of straight lines if A=0.

Now,

A=0
a h g
h b f|=0
g f ¢
12 18 3
18 4 3=0
3 3 3
4 18

336 4 %O
1 3
4 18 1
6 A4 1=0
1 3 1

4(2-3)-18(6-1)+1(18-2)=0



(42-12)—(108-18)+(18-1)=0
(41-12)—(90)+(18-1)=0
42-12-90+18-2=0

31-84=0
31=84
A =28 |, Thisis the required value of A . (Ans)
H.W:
1. For what value of x the equation X* — zxy +2y* +3x—5y + 2 = O represents a pair of straight
lines.
2. For what value of A the equation AX®+4xy+y”>—4x—2y—3=0represents a pair of straight
lines.
3. For what value of x the equation 2x*+ Xy — y> —2x—5y + 4 = O represents a pair of straight
lines.

4. For what value of 7 the equation 77Xy —8x+9y —12 = Orepresents a pair of straight lines.
(] Find the equatlon of the straight lines represented by the equation
X2 +6xy + 9y +4x+12y-5=0.

Solution:
Given equation is,

X? +6xy +9y* +4x+12y-5=0

Arrange the above equation as a quadratic equation in X we get
X2 +6xy +9y> +4x+12y-5=0
X* +(6y+4)x+9y* +12y-5=0

~(6y-+4)+,[(6y+4)' ~4.1.(9y +12y-5) b+’ —2ac
2.1 2a
_(6y+4)i\/(6y+4)2—4(9y2+12y—5)
2
—(6y+4)+,[36y” + 48y +16 - (36y” + 48y - 20)
2
—(By+4)++/36y? +48y+16—36y> — 48y + 20
2

—(6y+4)++16+20

X =

X =

2
—(6y+4)£+/36
2
B —(6y+4)i6
R
—(6y+4)+6
2

Taking positive we get X =



_ —6y—4+6

2
_ —by+2
2
2X=-6y+2
X=-3y+1
X+3y—-1=0
. . —(6y+4)-6
Taking negative we get X :f
_—6y-4-6
=—
. -6y —-10
2
2x=-6y-10
Xx=-3y-5
X+3y+5=0

Therefore, required equations of the straight lines x+3y—-1=0 and x+3y+5=0. (As desired)

H.W:
Find the equation of the straight lines represented by the following equations

2X* —Txy+3y* +x+7y—-6=0
X2 —3xy+2y° +3x—-5y+2=0
2y? —xy —x* +2x+y—-1=0

2y? +3xy+5y—6x+2=0
3y? —8xy —3y* —29x+3y-18=0
X? +6xy+9y? +4x+12y-5=0

] |nd the point of intersection of the straight lines represented by the equation
6x* —5xy —6y* +14x+5y+4=0.

o O~ wDd e

Solution:
Given equation is,

6Xx°> —5xy —6y* +14x+5y+4=0
Suppose f (X,y)=6x"—5xy -6y’ +14x+5y+4
Now, Differentiating the function f (x, y)with respect to x and y partially and equating with zero, we get

a =12x-5y+14

OX

=12X-5y+14=0---cerenennnn M)
And

a =-5x-12y+5

OX

= -5x-12y+5=0

= 5X+12y—5=0--cceeeernnns (i)



Solving equation (i) and (ii) we get the point of intersection of lines represented by the given equation.
Using cross multiplication method on equation (i) and (ii)

X oy 1
25-168 70+60 144+25
x y 1
~143 130 169

143_ 11 130 10

160 13 77169 13

Therefore, the coordinates of point of intersection is (x, y) = (—% , %j .
H.W:
Find the point of intersection of the straight lines represented by the following’s equations
2X% —Txy +3y* +X+7y—6=0
X* —3xy +2y* +3x-5y+2=0
2y?
2y? +3xy +5y-6x+2=0
3y? —8xy -3y —29x+3y-18=0
6. X°+6xy+9y° +4x+12y-5=0
(] Find the angle between the straight lines represented by the equation
6x°> —5xy —6y* +14x+5y+4=0.

—Xy—X*+2x+y-1=0

o~ D

Solution:
Given equation is,

6x° —5xy —6y* +14x+5y+4=0
Comparing this above equation with the standard equation ax® + 2hxy +by® +2gx + 2 fy + ¢ = 0 we get

a=6 h=->b=—6g=7.f =2 &c=4
2 2

Assume that @be the angle between the straight lines then we have the followings

2\/h*—ab

tan @ =
a+b
2,’§+36
tan @ = V4
6-6
2,’§+36
tan @ = V4
0
tan @ =
9=tan71(oo)
0= % (As desired)

H.W:
Find the angle between the straight lines represented by the followings equations



2X% —Txy +3y* +X+7y—6=0
X* —3xy +2y*> +3x-5y+2=0
2y? —xy— x> +2x+y-1=0
2y? +3xy +5y-6x+2=0
3y® —8xy —3y*—29x+3y-18=0
6. X +6xy+9y°+4x+12y-5=0
(] Find the equation of the bisectors of the angle between the straight lines represented by the equation
6x° —5xy —6y* +14x+5y+4=0.

o~ DR

Solution:
Given equation is,

6x° —5Xxy —6y* +14x+5y+4=0
Comparing this above equation with the standard equation ax® + 2hxy +by® +2gx + 2 fy + ¢ = 0 we get
a==6 ,h:—ﬁ,b:—G,g =7, f :E &c=4
2 2

Suppose f (X,y)=6x"—bxy -6y’ +14x+5y+4
Now, Differentiating the function f (x, y)with respect to x and y partially and equating with zero, we get

a =12x-5y+14
OX
:}12X_5y+1420 ............... (|)

And
ﬂ =-5x-12y+5
OX

= -5x-12y+5=0
= 5X+12y—5=0-cereeenennn (i)

Solving equation (i) and (ii) we get the point of intersection of lines represented by the given equation.
Using cross multiplication method on equation (i) and (ii)

X oy 1
25-168 70+60 144+25
x y 1
~143 130 169

143 11 130 10
- - _- & y - -
169 13 169 13

Therefore, the coordinates of point of intersection is (X, y) = (—% , %) ie(a p)= (‘%%) '

If (a,ﬂ) be the point of intersection of lines by given equations the equation of the bisectors is as
follows
(x=a)*-(y-p)* _ (x=a)y-p)
a-b h




( 11)2 ( 10)2 ( 11]( 10)
X+=—=| —|y—"—= X+=—= || y—"—=
13 13) 713 13

6+6 5

2
11Y 10\ ( 11)( 1oj
X+— | —|y—=—= 20 X+—= || y—=—=
13 13) _ 13 13

12 -5

10x 11y 110
X2+22X+121—y2+20y—100 2[ xy - LY
13 169 13 169 _ 13 13 169
12 -5

—5(X2+22X 121 20y 100}224(Xy_10X+11y_110j

13 169 13 169 13 13 169

_5e 10X 605 ., 100y 500) (), 240x 264y 2640
13 169 13 169 13 13 169
_ge 10X 605 . . 100y 500, 240x 264y 2640
13 169 13 169 13 13 169

—845x* —1430x —605+845y* +1300y +500 = 4056 xy —3120x + 3432y — 2640
—845%* —4056xy +845y* —1430x +3120x +1300y — 3432y — 605+ 500+ 2640 = 0

845x” + 4056xy —845y” —1690x + 2132y —2535=0 (As desired)

H.W:
Find the equation of the bisectors of the angle between the straight lines represented by the following
equations

1. 2X°—7xy+3y*+X+7y—-6=0

X* —3xy +2y* +3x-5y+2=0
2y? —xy— x> +2x+y-1=0

2y? +3xy +5y-6x+2=0

3y? —8xy -3y —29x+3y-18=0
X? +6xy +9y* +4x+12y—-5=0

o ok~ w D



