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DIRECTION COSINES & DIRECTION RATIOS
Line:
Aline is a straight (no curves) one-dimensional figure having no thickness and extending infinitely in both directions.
A line is sometimes called a straight line or a right line. A line with direction is called directed line.
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Line Segment:
Aline segment is a part of a line that is bounded/connected by two distinct end points, and contains every point on
the line between its endpoints.

® o

Directed Angle:
A line passing through the origin and makes positive angle with coordinate axes is called Directed Angles.

P(x.y.z)

If the line OP makes positive angles « ,  and y with the coordinate axes X, Y and z respectively then directed angles

of that line OP is generally denoted by the symbol [a,ﬂ, 7/] where O < aand S,y <« . Also the directed angles of
line PO is [7[ —a,t— B, 7— 7/] . Some mathematician writes the directed angles of line PO as [7[ +a, 7+ f, r+ 7/].

Note: Y
The directed angles of the parallel lines are same. 4
Direction Cosines of a line:

P(xy.z)

If o, B,y are the angles that a given line OP makes with the positive directions of the coordinate axes X, y and z
respectively, then oS &, €C0S f3,C0S y are called the direction cosines(d.c.’s) of the given line. The direction cosines of
a line are usually denoted by the letters |, m,n wherel = cosa, m = cos ,n = cos y .Direction cosines are generally

put in square bracket as like [l ,m, n] .

Theorem: (Fundamental theorem of direction cosine):
If I,m,n are the direction cosines of a line, then prove that 12+m?+n?=1.

Or
The sum of the squares of the direction cosines of every line is one.




Proof: v

Suppose P (x,y, z) be a point in a space and O is origin such that OP =r .Draw PM 1 OX.

From the right angle triangle OPM we can write

OP = [(x=0Y’ +(y—0)’ +(z—0)

r=x>+y’+2z°

r’=x’+y’+z2°

And

Similarly, we have
y=mr qz=nr

Now squaring and adding x, y and z we get
X+ Y+ 22 =1 +r’m’ +r°n

X +y*+2° =r* (17 +m” +n?)
r?=r?(I° +m’ +n?)
I>+m?+n*=1 (Proved)
Problem 01: If a line makes «, 3,7 with the axes show thatsin® o +sin® f+sin’ y = 2.

Solution:
From the fundamental law of direction cosine, we have

I?+m?+n®=1

cos’ o +cos” f+cos’ y =1

1-sin* @ +1-sin® f+1-sin’ y =1
3—(sin2 a+sin® B +sin’ 7/) =1

) ) Ho
sin“a +sin” B+sin” y =2 (Showed)

Problem 02: Find the direction cosines of a line that makes equal angles with the axes.

Solution:
Assume that the directed angles of the line are [a,ﬂ,é] and according to the question a = =¢ that implies

CosSa =cosfF=cosoie. l=m=n.




From the fundamental law of direction cosine, we have
I?+m*+n®=1
IP+17+12 =1
32=1

Therefore | =m=n= i% ( As desired)
HW:

1. Prove that Sin@ ==+ % where directed angles of a line is [6?, o, 67] .

Problem 03: Can the members 235 , 22]\'/5 & 23\/5 be the direction cosines of any directed line? Give reason for
your Answer.
Solution:
Given that,
1 1 1 1 1
=3 2 "2 a z&n_zsﬁ_sﬁ [oay]
Now

Pimianz=iy i1
8 32 128
|2+m2+n2 :w
128

1?4 m? 40 = 2= 21
128

I?+m?+n? =1
Because of violating the fundamental law direction cosines given members are not representing the direction cosines
of aline.

(Justified)

Problem 04: The direction cosines of two lines is described by two equations | =5m+3n=0and 71* +5m* —3n* =0
.Find their direction cosines.

Solution:

Given equations are as follows
I -5m+3n=0
| =5M—3N ceeerveeeereens (i)
717 +5m* =3n* =0 -vvveee- (i)

Putting the value of | in the equation (ii) we get

7(5m—3n)’ +5m? —3n =0




7(25m2 —30mn +9n2)+5m2 —3n?=0
(175m2 —210mn +63n2)+5m2 —3n’=0

175m? —210mn +63n? +5m? —3n* =0
180m? —210mn+60n® =0
18m? —21mn+6n?=0
6m?>—7mn+2n*=0
6m? —4mn—-3mn+2n®=0
2m(3m—2n)—n(3m—2n):0
2m(3m-2n)-n(3m-2n)=0
(3m—2n)(2m—n):0
Therefore, (3m—2n):0 or (2m—n)=0
3AM=-2n=0 -+cveveeeen. (|||)
And 2M—N=0 «cceeeeeren. (iv)

Solution of equations
[ —5M+3N=0 «eeevereen (i)

01+3M=2N=0 c-eeveereees (iii)

b m n
""10-9 0+2 3-0
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Therefore,

|=i ,mzi &nzi

N7
Again,

Solution of equations

| =5m+3n=0 «-ceceeeeens (|)
014+42mM—=—n=0 -+vveveeeen. (IV)

b m n
"5-6 0+1 2-0




Imnl

-1 1 2 6

Therefore,

l=—= m=—/— &n=—F4 (As desired)

HW:

1. The direction cosines of two lines are connected by relations | +m+n=0 and
2lm+2In—mn =0. Find their direction cosines.

2. The direction cosines of two lines are determined by relations |+m—n=0 and
mn +61In—12Im = 0. Find their direction cosines.

3. The direction cosines of two lines are determined by relations |+m+n=0 and
I> +m? —n? = 0. Find their direction cosines.

4. The direction cosines of two lines are determined by relations 3.Im+4.In+mn=0 and
I +2m+3n=0. Find their direction cosines.

5. The direction cosines of two lines are determined by relations | —5m+3n=0 and

712 +5m? —=3n? = 0. Find their direction cosines.
6.The direction cosines of a moving line in two adjacent positions are I,m,n and |+ 8l,m+d6m,n+ &n.Show that

the small angle 56 between the positions is given by (56')2 =(sl )2 + (§m)2 + (§n)2 .

Theorem (Angle between two lines): Prove that cosé =11, +mm, +nn,where & is the angle the lines whose
direction cosines are [Il, m, nl] and [Iz, m,, nz].

Proof:

;{ B(l,,m,.n,)

A(l.m,.n )

-» X

Suppose 6 be the angle between the two rgiven lines OA and OB where O be the origin.
Let OA = OB=1, therefore the coordinates of A and Bare A(l,,m;,n )and B(l,,m,,n,).

From the distance formula we have
AB :\/(Il _|2)2 +(m, _mz)z +(n1—n2)2
AB’ = (Il _|2)2 +(m1 _m2)2 +(n1 - nz)z

2 2 2 2 2 2 2
AB° =1"+1"-2Ll,+m°+m,” —2mm, +n° +n,” —2n,n,

AB? =17 +m? +n? +1,7 ++m,” ++n,> = 2(LI, + mm, +nn,)
AB? =1+1-2(Ll, +mm, +nn,)
AB? =2-2(ll,+mm,+nn,)




Applying the cosine formula for triangle in the triangle OAB we have
OA? + OB? — AB?
2.0A0B
P +22 —{2-2(I ), +mm, +nn,)}
211
1+1-{2-2(1), + mm, +nn, )}
2
2—{2-2(I},+mm, +nn,)}
2
2-2+2(l1,+mm, +nn,)
2
2(L1, +mm, +nn,)
2
cos@ =11, +mm, +nn, (Proved)

cosd =

cosd =

cosf =

cosf =

Ccosd =

cosd =

Note:
1. Two line be perpendicular if ||, + mm, +nn, =0

Il m n
2. Two lines be parallel if |, =1, ,m =m, & n =n, Orl—l:—lz—l
2 m2 n2

'J6

FEE
nd == |.
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,i}and[lz,mz,nz]{__,i,i} .
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Problem05: Find the angle between the lines whose direction cosines are {%,

Solution:

N

Given direction cosines of two lines are [ll, m, nl] = [

= N
Sl

(o]

If 6 be the angle between two lines, then we have
cos@ =11, +mm, +nn,

2 2 1
CoSfd=———+—

6 6 6
c036?:1

6

6 =cos™ (Ej
6

1
Therefore, the angle between the lines is cos™ (g] . (As desired)

HW:
1 2 1

%'%’ﬂ {%TQTQ}

-3 -2 -1 1 1
2. Find the angle between the lines whose direction cosines are { } and {—

-1
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Direction Ratios of a line:

Quantities proportional to direction cosines of a line are called direction ratios of that line.

1. Find the angle between the lines whose direction cosines are {

If the direction cosine of a line is [l, m, n] and direction ratios of that lines is [a, b, C] then




I m n

a b ¢
Using the property of ratios, we can write

m n yIP+m?+n?

I
a

b ¢ Ja?+b?+c?
I m n 1
b D
I m n_ 1
a b oo Jaibiec
Therefore,
a b c

I & n=

= , m= —_—

JaZ +b% +¢? Jal +b% +¢? JaZ+b® +c?
Above equations shows the relation between the direction cosines and direction ratios of a line.
Direction cosine also be negative so

—-a -b —C
l=—e—— M=—/—— &N=———
Jaz+b%+c? JaZ+b%+c? vaZ+b?+c?
Therefore,
t+a +b +c
IZ ,m: &n:

JaZ+b%+c?

Theorem (Angle between two lines): Prove that c0S@ =

JaZ+b? +c? va?+b?+c?

a1a2 + b1b2 + ClCZ
JaZ+b7 +cl (a2 +b)? +c;?
lines whose direction ratios are [a,,b,,¢ | and [a,,b,,c,].

where @ is the angle the

Theorem: The direction cosines of a line joining to the points P(X,Y,,z)and Q(X,,Y,,2,)are

X% YoV 4,74 _ 2 2 2
[ PQ ) PQ ) PQ }WherePQ—\/(Xz_&) +(yz_yl) +(Zz_21) .

Theorem: The direction ratios of a line joining to the points P(X,Y,,z)and Q(X,,Y,,Z,)are
[Xz_X1'Y2_Y1!Z7__21]-

Theorem: The direction ratios of a line is [l ,m,n]and direction ratios of another line is [a,b,c] then both be

perpendicular iff la+mb+nc=0.

Theorem: The projection BC=(x2—x1)I+(y2—yl)m+(22—zl)n of joining of two points A(X,Y,,Z) and

B(X,,Y,,Z,) on another line whose direction cosine is given [l ,m, n].

A%, Y1 2,)

B(X,.Y5.2,) C [I,m,=n]




Mathematical Problem on direction cosine and direction ratios

Problem01: Direction ratios of a line are [3, 4,12] .What are its direction cosines?

Solution:
Given direction ratios are [a, b, C] = [3, 4,12] .

Now,
| a B 3 _3
Jai+b?+c? P +47+412° 13
b 4 4
m = = e
Ja?+b*+c? 3 +47+122 13
And

c 12 12

I'I: = _
Ja?+b*+¢® 3 +42+122 13

(As desired)
Problem02: Show that the direction cosine of a line is [3, 4,12] whose direction ratios are [a, a, a] )

Solution:
Given direction ratios are [a, b, C] = [a, a, a] .

Now,
| a B a _ 1
JaZ+bi+c? Jat+at+a® 3
M- a B a _ 1
JaZ+b*+c? JJalratta®l 3
And
N a B a _1
JaZ+b?+c? Ja?+ta’+a’ 3
S . 1 1 1 _
Therefore, the direction ratios are | ——=,—=,—F& | . (As desired)
NERNCRNG
HW:

1. [6, 2, 3] are proportional to the direction cosines of a line. What are their actual values?
2. Find two-sided direction cosines of a line whose direction ratios are [1, 2, 3].
3. Find one-sided direction cosines of a line whose direction ratios are [2, -1, 2] .

Problem02: Find the direction cosines of the line joining the points (4, 3, —5) and (—2,1, —8).

Solution:
The coordinates of the given points are P(X, ¥,,Z,) = P(4, 3, —5) and Q(X,,Y,,2,) = Q(—Z,l, —8)

Here,

PQ =\/(Xz _X1)2 +(yz - y1)2 +(Zz _21)2
PQ=J(-2-4)’ +(1-3)° +(~8+5)’
PQ=1J(-2-4) +(1-3) +(-8+5)
PQ=+/36+4+9

2




PQ=+49=7
Now the direction cosines of the line PQ are as follows
PQ 7 7

Yo=Y _1=-3_=2

m=22_1_- “__~—
PQ 7 7
And
n_g—q};8+5_:§
PQ 7 7
Therefore, the direction cosines are [I,m, n] = _—6,_—2,_—3 or E,g,g (As desired)
7T 7 7 777

Problem03: Find the direction cosines of the line which is perpendicular to the line with direction cosines
proportional to [6,4, —4] and [—6,2,1].

Solution:

Let [l ,m, n] be the direction cosines of the line perpendicular to the given lines with direction ratios [6, 4, —4] and

[-6,2.1].
Therefore,
6l +4m—-4n=0
A+2M=-2n=0 +-ceeeeereeenn (|)
And
—6l+2m+n=0
6l =2m—=-nN=0-creeeeveereoe. (||)
Using cross multiplication method, we get
I m n
2-4 -12+3 —6-12
I m n
-6 -9 -18
I m n
2 3 6
| m _n_JIPP+m?+n?
2 3 6 22316
Il m n 1 a2 2o
273 6 varerm LMY
Il m n 1
2 3 6 /49
I m n 1
2 3 6 7
Therefore | = 2 ,m= 3 &n= E (As desired)
7 7 7
HW:

1. The coordinates of a point P is (3,12, 4) .Find the direction cosines of the line OP where O
is origin.
2.Find the direction ratios of the line joining to the points (4, 3, —5) and (—2,1, —8).




3.Pand Qare (1, -5, 7) and (—3, 6, —2) .Find direction cosine of OP, 0Q &PQ.

4 Find the direction cosines of the line which is perpendicular to the lines whose direction ratios are [—2, —2,1] and
[2,1,0].

5. Find the direction ratios of the line joining to the points (1, 2, —3) and (—2, 3 1) )

6. Find the direction cosines of the line which is perpendicular to the lines whose direction ratios are [3, -1, 1] and
[-3.2,4].

7. Find the direction cosines of the line which is perpendicular to the lines whose direction ratios are [1, -2, —2] and
[0,2,1].

Problem04: The direction cosines of two lines are connected by relations | +m+n=0 and
I” + m* —n? = 0. Find the angle between them.

Solution:
Given equations are as follows

l+m+n=0

| = _(m + n) ............ (|)
And I>+m?-n’=0

Putting the value of | in the above equation we get
{—On+nn2+nﬁ—n2=0
(m+n) +m?-n*=0
m?+n”+2mn+m?—n®=0
2m* +2mn =0
m>+mn=0
m(m+n)=0
Therefore M=0¢ccceveevers (ii) and M4nN=0-cccveeeeee (iii)
From equations (i) and (ii) we get
[ M =0ceneemennns (i)
Ol +M+0N=0ccecereeenn (ii)
o m n
0-1 0-0 1-0
I m n
-1 0 1
Now the direction ratios of one line are [al, b, Cl] = [—1, O,l]

Again,
From equations (i) and (iii) we get
l+m+n=0--ceeeeree-. (i)
Ol4m4nN=0-ccveeeeeen (iii)




Now the direction ratios of another line are [az, b,, Cz] = [0, -1, 1]

If O is the angle between two lines, then
a1a2 + b1b2 + ClCZ

cosd =
\/af +b%+c? .\/az2 +b,>+c,’
0+0+1
cos@ =
J1+0+1:/0+1+1
1 1
C0Sl=—F==—
NEN Y
cosﬁzcosz
3
0= % (As desired)

HW:

1.Find the angle between the lines whose direction cosines are given by the equation
3l+m+5n=0and 6mn—2nl —5ml =0.

2.Show that the pair of lines whose direction cosines are given by 3Im—4In+mn=0,1+2m+3n=0
are perpendicular.

3. Find the angle between the lines whose direction cosines the equation

| +2m—-n=0andl*-4m?-3n*=0.
4. Find the angle between the lines whose direction cosines |, m, N satisfy the equations
I+m+n=0and2lm+2In—mn=0.

a1
5. Prove that the angle between two diagonals of a cube is COS ' (gj
6.A line makes angles «, 3, 7,0 with the four diagonals of a cube, prove that
4
cos’ a +cos’ B+cos” y +cos’ 5:5.

7.Find the angle between the lines whose direction ratios are [2, -1, 3] and [—1, 3, 4] .

8. Find the angle between the lines whose direction cosines are proportional to [L 2, 4] and [—2,1, 5] )
9. Find the angle between the lines whose direction ratios are [l, 2,1] and [2, -3, 6] .

10. Find the angle between the lines whose direction ratios are [1, 1 2] and [\/§—1, —«/§—1, 4] .

Problem05: The direction cosines of two lines are connected by relations 2l +2m—n=0 and
mn+nl+Im=0. Show that two lines are perpendicular or at right angle.

Solution:
Given equations are as follows
21+2m-n=0
N=2]+2mM cceeeeeeeens (|)
And mn+nl+IMm=0--eeveeiienan (||)

Putting the value of n in the above equation we get

m(2| +2m)+(2l +2m)| +Im=0
(2|m+2m2)+(2|2+2m|)+|m=o

2Im+2m? + 21> +2ml +Im =0
5Im+2m®+212=0




212 +5lm+2m? =0
2
I

2—+5—+2=0 [dividing by m?]
m> m

1Y
2| —| +5—+2=0

m m

Assuming the direction cosines of the lines are [ll ,m, nl]and [|2 ,m, ,nz]then the roots of the above quadratic

g !

equation are and —%.
ml m2
: I1 |2
Therefore, product of the rootsis —.—4~=—=1
ml m2
L, -1
mlmZ
L, _ mm,
1 1

Again,

From the equation (i), we have | = and putting this value in above equation (ii) we find,

2
n—2m n-—2m
mn+n + m=0
( 2 ( 2 j

2mn+n(n—2m)+(n—-2m)m=0

2mn+(n2—2mn)+(mn—2m2):0
2mn+n® =2mn+mn—-2m? =0
n>—2m?>+mn=0
2m?—mn—-n?=0
2
7 SULBSLL B
n> n

2
z(mj M 40
n) n

o . ... m . . m, m,
Above equation is a quadratic equation in — so two roots of this equations are — and —=.
n n n
1 2

3

m —
Therefore, product of the rootsis —.—2% = —
n n, 2
mm, 1

nn, -2

nn, _mm,

-2 1
Considering above relation we can write

nn, _mm, Ll

2 1 1
n1n2 mlm2 I1|2 k S
—_— et == = a

> 1 1 [Say]




Thatimplies LI, =k ,mm, =k &nn, =-2k
Now, LI, +mm, +nn, =k +k -2k

LI, +mm, +nn, =2k -2k

LI, +mm,+nn,=0

Consequently, given that two lines are perpendicular. (As desired)

HW:
1. The direction cosines of two lines are connected by relations 3Im—4In+mn=0 and
| ++2m+3n=0. Show that two lines are perpendicular.
2.Prove that the straight lines whose direction cosines are given by al+bm+cn=0&mn+nl+Im=0 are

perpendicular  if LI LY, S parallel if a’f?+b?g*+c’h®—2bcgh—2cahf —2abfg=0 or

a b c

Jaf +./bg £/ch =0.

3. Show that the straight lines whose direction cosines are given by al +bm+cn=0& fmn+gnl+hlm=0 are at
1 11

right angle if _+B+_ =0 and parallel if J5+JB+JE= 0.
a C

4. Show that the straight lines whose direction cosines are given by | +m+n=0&al 2+bm®+cn® =0 are at right

1 11
angle if a+b+c=0 and parallel if —+—+—=0.
a b c
5. Show that the straight lines whose direction cosines are given by al +bm+cn=0&ul’*+vm®+on’* =0 are at
2 2 A2
a C
right angle if a(V + @) +b?*(@+u) +¢*(U+V) =0 and parallel if — +—+—=0.
u \" w

Problem06: If P, Q, A, B are (1, 2, 5) , (—2,1, 3) , (4, 4, 2) &(2,1, —4) respectively then find the projection of PQ on AB.

Solution:
The coordinates of the given points are P(l, 2, 5) , Q(—2,1, 3), A(4, 4, 2) & B(Z,l, —4).

Here,

AB=\/(X2 —xl)2 +(y, —yl)2 +(z, —zl)2
AB=(2-4) +(1-4) +(-4-2)
AB=+4+9+36

AB =49 =7

Now, the direction cosine of the line AB are as follows

And
2,-1, 2+4_§
AB AB 7

n=

~N|w
~N| o
L 1
o
=
1

|
~| b

I
~[d

|
~| &
|

2
Therefore, the direction cosines are [l ,m, n] = {7,




Projection of PQ on AB= (X — X, )l +(y, —Y,)m+(z,—2,)n

:(1+2)%+(2—1)§+(5—3)g

5,3,
7 7 7
_6+3+12
7
21
= = =3 (As desired)
Problem07: Find the distance of A(l, -2, 3) from the line PQ through P (2, -3, 5) which makes equal angles with the
axes.
Solution:
A(l, -2, 3)
P(2,-35) M Q

According to the condition the line PQ makes equal angles with the axes.
Assume that the directed angles of the line PQ are [a,ﬁ, 5] and according to the question o = f =6 that implies
CosSa =cosf=cosoie. l=m=n.
From the fundamental law of direction cosine, we have

I?+m’+n® =1

?+17+17 =1
31 =1

From the triangle PAM, we get
AP :\/(x2 —xl)2 +(y, - yl)2 +(z, —zl)2
= J(2-1)° +(-3+2) +(5-3)
Tra=6

Applying Pythagorean theorem on the triangle PAM we find the desired distance AM.




AP? = AM?2 + PM?
AM? = AP? — PM?
AP? — PM?

~AM = \/6—— = M = \/% units (As desired)
HW:

1.1IfA,B,C, D are (3, 6, 4) , (2, 5, 2) , (6, 4, 4) &(0, 2,1) respectively then find the projection of AB on CD.

2.Find the length of a line having its projections on the coordinate axes to be 6,-2,3.

3.A line passing through the point (—3, -2, 8) and having direction ratios [3, 2, —2] .Find the perpendicular distance
of that line from the point (1, -1, —2) )
4. Find the projection of the join of points (—1, -1, 3) and (2, 0,1) on the line through the points (—7, 5 3) and (2, 6, 8)




