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Numerical Differentiation.

Consider Newton's forward difference formula:

Y= yo +ubyp + 21 u(u -I) A2y, +u{u—I;(u—2}ﬁ3yﬂ+__.. (5.1)
where
x = xo + uh. (5.2)
> u=x—th
du _ 1
dx h

Now from equation (5.1) we obtain,

2—
dy dy du {A}’o 2u ~ IA2y° w,fyo»,--.} (5.3)

d dudc h 2 6

dc dudx h

This formula can be used for computing the value of dy/dx for non-tabular
values of x. For tabular values of x, the formula takes a simpler form, for
by setting x = x, we obtain =0 from (5.2), and hence (5.3) gives

dy 1( | 1.3 fa )
= =—| Aya -—A A yva—-—A esns |, (5.4)
[ ; ]x-m P08 NFIA N A N

Differentiating (5.3) once again, we obtain

2, g i
i___l_(A;yo+6u6 6 43, 412 36u+22A4y0+___]’ (5.5)

0

PR 2
from which we obtain
2
FIRE O RS R
x=xg

Formulae for computing higher derivatives may be obtained by successive
differentiation. In a similar way, different formulae can be derived by starting
with other interpolation formuale. Thus,



MD. MEHEDI HASAN, LECTURER @ DIU

(a) Newton's backward difference formula gives

L - oz, Jlg, 4o
[‘i‘],.." h[?y.+2? y,,+3? Y+ ] (5.7)

d? 1 1 5
[-;ﬁ—ly] =—P-[‘V1yn + ?jy“ +E?‘yn +E?"’yﬂ +"‘J. {5-8}

If a derivative is required near the end of a table, one of the following
formulae may be used to obtain better accuracy

. bba 1.3 1 4 1,8 14 ]
PR R C DL LY LY O LI (5.11)
y“[ R S S S i
=[a+la’—1a3+la‘—ia’+lﬁ‘—---]r.q (5.12)
20 760 120 200 30
1,4 S, 1376 7,9, 363,
——aT ]
62 *1802 "10° 3602 ]y“ (5-13)

ﬂz——-—.ﬂ‘ +lds-£ﬁi +£ﬁT-£g—ﬂ + ]}"_| (S.I.ﬂ}

Wyl =| A2 =A 4 —AY A7 &
( 12 12 180 180 560

. 1 ! 1 1 1 1 |
hyy =[?+E\?z +i"&?3 +:V" +§?5 +E‘F’6 +?V7 +§v‘ +---)y. (5.15)

=(v--'-v=-lv"-iv‘-lv’-lv‘viv"—lv'—---)yﬂ,
20 "6 120 20 30 42 56
(5.16)

hly;;{vhvl L :-’* 37, 1?1:1 %:—%V'+-“)P. (5.17)

(otvote Bo Lo Ba ), e
12 12 180 180 560




MD. MEHEDI HASAN, LECTURER @ DIU

Example 5.1 From the following table of values of x and y, obtain dy/dx
and dPyldx® for x=12:

X P 5 X Y
1.0 2.7183 1.8 6.0496
1.2 3.3201 20 7.3891
1.4 4.0552 22 9.0250
1.6 4.9530

Solution.

The difference table is

x y a a? a8 a4 A% a®
10 27183
0.6018
12 3.3201 0.1333
0.7351 0.0204
14 40552 0.1627 0.0067
0.8978 0.0361 0.0013
16 49530 0.1988 0.0080 0.0001
1.0066 0.0441 0.0014
18 6.0496 0.2429 0.0094
1.3395 0.0535
20 7.3891 0.2064
1.6359
22 9.0250

For x = 1.2, here we have
xp=1.2, yp=3.3201 and h=0.2.

Hence we know that,

dy] I[ 1.2 1.3 1.4 ]
= =—| Ayg—=A%yp +=A"yy ——A
[E vy Vo =580 +38 00 78+

Q n:_l._ _l l -l Fl'
= [dx],...; 0.2 [0‘?35' 7 0-1627) +5(0.0361) 4(D.msu)+s(o.0014:]

=3.3205.
Again we know that,

1 3 11 .4
= | A2yy - A3y 4= A% yp +--
F=xy

Rl

|:> --l-[n 1627-0.0361+H(0.DOGD}—~5-(0.0014)] =3.318,
oy 004 12 6
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Example The values of x and y are given in the following i
table -

X 0 1 2 3 4 5
y 6.0897 | 7.4036 | 7.7815 | 8.1291 | 8.4510 8.7506.

rind I ang &Y

when x = 1.

Solution : Since the derivatives are requitred at x = 1, which is
beginning of the table, therefore we shall use the first and second
derivatives of Newtor's forward formula at x = x,. The difference
table is : |

X y Ay Ay Ady Aty Ady
0 |[6.9897
0.4139
1 | 7.4036 -0.036
0.3779 0.0057
9 | 7.7815 - 0.0303 ~0.0011
0.3476 0.0046 - 0.0001
3 | 81291 -1 -0.0257 - 0.0012
0.3219 0.0034
4 | 84510 ~0.0223
' 0.2996
5 | 8.7506 B

Here h = 1 and x4 = 1, the first derivative of Newton's forward
formula at x = x5 is :

d 1 1 1 1 '
c_l—}yg)‘:xo h [Ayo 2A YO+ A3 yo 4A4 Vo + ...'] ...... (l)
and the second derivative of Newton's forward formula at
X =Xg is ;
2 1
gxbzf Y=o “h2 [A2 Yo-4%yo+73 12 Aty - ] ...... @)

putting X0 = 1. h = 1 and corresponding values of the
fferences in (1) and (2) we get

dy| -1 -3 »
31% o1 [0 3779 X (- 0.0303) + 5 3 (0 ()046) 1 (_ 0_00.‘12)}
= (0.39488 - |
2 1 |
%xl - =2 [ 0.0303 ~ 0.0046 + —1% (- 0_0012]].

=-0.036
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Example-,. From the following table of values of x and y

d

find diand ax? whenx =5.5:
X 4.5 5 5.5 6 6.5 7.0 7.5
y 969 11290 16.71 | 21.18 | 26.36 | 32.34 | 39.15

Solution : Since x = 5.5 towards the beginning of the table, we
use Newton forward difference formula. The difference table is
given below :

X y Ay A2y | A%y | A%y | A% A‘*y
45 | 9.69
, 3.21
50 | 12.90 0.6
3.81 0.06
.55 | 16.71 0.66 -0.01
447 0.05 0.05
6.0 |21.18 0.71 0.04 -0.15
518 | - 0.09 | -0.1
- 8.5 | 26.36 0.8 -0.06
| 5.98 0.03
70 |32.34 0.83
' 6.81
75 |39.15

Here h = 0.5 and Xp = 5.5

the first derivative of Newton's

forward formula at x = X i8

1 1 1 s L by +- ]
g—-)y[ _l Ayo - —2-A2y0+ ASYO 4A4y0+ AYD AYO
o B :
b -— -=x0.71+3 X0.0Q——(—-0.0G)]
x| g 05[447 2 3 1
l = 8.32

" and the second derivative of Newton's forward formula at
X =Xpis

d? 1 11 5 ' |
dxgx—xo EE[A2}’0-A3Y0+'§A4Y0‘6A5)’0+"'J |
d
diy . (015)2[071 0.09 +15 (006)]
=

=2.26
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Example 5.2 Calculate the first and second derivatives of the function
tabulated in the preceding example at the point x=2.2 and also dy/dx at

x=20,
Solution:
The difference table is
x y A a? a® at A% a8
1.0 2.7183
0.6018
12 3.3201 0.1333
0.7351 0.0284
14 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
16 49530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
18 6.0496 0.2429 0.0054
1.3395 0.0535
20 7.3891 0.2964
1.6359
22 9.0250

For x = 2.2, we have
X, =22, ¥, =9.0250 ,nd 4=02.

We know that,
Newton's backward difference formula gives

1 1 1
2] Htonctone )

1
dy I 1 1 1 1 -
L = ——]1.6359+—(0.2964) + - (0.0535) + —(0.0094) + - (0.0014) +—(0.001)
) [dr]ﬂn 02[ 63 5 ]+3( ]+4{ }+5( }_ 6

=9.0229

Again for second derivative at x = 2.2 we obtain,

)]
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d® 1 11 5
ez, P 12 6

[a%y 1 1 5 '
VLY _ 1| 0.2964 40,0535+ —(0.0094) + 2 (0.0014) 137
;_ 2 s {).Dd{ " +o +ll{ : }+ﬁ( » } +m(0.0001

= 8.994

Now at x = 2.0 ,we obtain,

Newton's backward difference formula gives

dy 1[ l o2 | o3
—— '=—- ? —-v — LR R
[‘ﬁ]l-]" 'h .F"+2 -Fﬂ+3?yﬂ+

dy} I [ | | |
— = | 1,339 ={0.2429) + =(0.0441) + =(0.0080
L!r o 02 339545 )+30.084D+ 2« )
|
L0.0013
e ﬂ
= 7.3896

Practice.-

& Siven that
x: 10 1.1 1.2 1.3 1.4 1.5 1.6
y

. 7089 8403 8781 9.129 9.451 9.750 10.031
5 - _
Find %%andd—x% at(()x=1.1 (i)lx=16

Ans. () 3.941; -3.3167: {ii) 2.732; -1.475
@ From the following table find the first and second
derivatives of sin x at () x = 0° (i) x = 40° (iii) x = 20°
x0 : 0 10 20 30 40
v=sinx? : 0.000 0.1736 0.3420 . 0.5000 0.6428
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& cCalculate f(3) and £*(3) from the following table :
'x : 3.0 32 3.4 36 3.8 4.0
fix) : -14. 000 -10.032 -5.296 0.256 6.672 14.000
Ans. f(3) = 18, 1'(3} = 18
() From the followmg values of x and y, find dy/dx when x=6:

x y x y
45 9.69 6.5 26.37
50 1290 7.0 32.34
55 16.71 1.5 39.15
60 21.18

© The following table of values of x and y is given:

x y x y
0 6.9897 4 8.4510
1 7.4036 5 8.7506
2 7.7815 6 9.0309
3 8.1291
Find dy/dx when (i) x =1, (ii) x =3, and (iii) x = 6. Also find d2 y/dx?
when x =3.
A function y = f(x) is defined as follows:
x y=f(x) x y=f(x)
1.0 1.0 1.20 1.095
1.05 1.025 1.25 1.118
1.10 1.049 1.30 1.140
1.15 1.072

Compute the values of dy/dx and d*y/dx*® at x =1.05.
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Runge-Kutta Method of 4™ order

Consider % =f(x,y) , Y(X0)=Yo

The Runge-Kutta method of 4" order is given by
1
Yn+1=Yn +g[k1 +2k2 +2k3 +k4]

where k{ =hf(xn,yn)

g

h K1
Ko =hfl Xn+—=,¥yn +—
2 \ n+s, Yn 2)

( h Ko
K3 =hf| Xn+—=,yn +—=
3 K n+s Yn 2)

kg =hf(xp +h,yn +k3)

Algorithm of Runge-Kutta Method of 4’th Order:

To approximate the solution of the initial-value problem
V=f(ty, a=t=b va =«
at (N + 1) equally spaced numbers in the interval [a, b]:

INPUT endpoints a, b; integer N: initial condition c.

OUTPUT approximation w to v at the (N + 1) values of 1.
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Step 1 Seth =(b—a)/N;
I=a,
W =,

OUTPUT {1, w).
Step 2 Fori=1,2,... N do Steps 3-5.

Step 3 SetK, = hfit, w);
Ko=hfit+h/2,w+ K, /2),
Ky=hfit+h/2, w4+ K;/2),
Kiy=hfit+hw+ K3).

Step 4 Setw = w+ (K) + 2Kz + 2K5 + Ki)/6; (Compute w;.)
t = a+ ih. (Compute 1;.)

Step 5 OUTPUT (f, w).
Step 6 STOP.

Problem(1):
By employing Runge-Kutta method of fourth order solve the differential

equation 2yf —6x =Vy,y(0)=1 for x=0.2 in steps of 0.1 correct to four

decimal places.
Soln: Given data: f(x,y)=3x +%, h=0.1
Xxg=0 X1=0.1 Xx1=0.2
yo =1 y{=1.0664 yo=1.1670

The Runge-Kutta method of 4" order is given by

’
Vet =Yn + 5 k1 +2ko +2k3 +kq]
where kq =hf(xpn,yn)

h K1
Ko =hfl x4y e | L 1
2 (xn+2r}’n+2} ( }

h Ko
ka =hf| xpn +— + =

k,{]_ = hf(xn + h,}"n +k3)

10
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Put n=0 in Egn(1)

Y1{=VY0 +é[k1+2k2 +2kg +kg| e

where ki =hf(xg,y0)

Ko = hf[xo +g,y0 +k—21J
2

kg =hf(xg +h,yg +k3) !
k1 =hf(xo,y0)

- h[?;xg s yﬂ 0.1[3(0) n %} ~0.05

Ko = hf(}({j +D,}"D +k?1}

“ffro+2)r 503
o forralr 57 rovs

kg = hf

h
X0 +—,}"|:}+ !
Y0 +k—2ﬂ

=h 3[x0+hJ 1
2) 2 2 )

0.1 31 01 +l(1+0.0662
2 2

r

}: 0.0666

11
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kg =hf(xg +h,yg +k3)

= h{S(XU + h)-i—%(}"{j +Kk3 )}

- 0.1{3(0 +0.1)+ % (1+ 0.0666)} = 0.0833

Substituting all these values in Egn(2), we get

y1=1+ % [0.05 +2(0.0662) + 2(0.0666) + 0.0833 | = 1.0664
Put n=1in Egn(1)

1
}'2:}'1+E[k1+2k2+2k3 TN R — (3)

Where
K1 =hf(X1,y’1)

h k1]
ko =hf] x4 +—, —
2 (1 23"1+2/

h Ko
kg =hf| x1 + 2,y + -2

kg =hf(xq+h,y1+k3)

12
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k1= hf(x1.y4)

— h| 3x1 +%} _ 0.1[3(0.1)+ 1.0664

}: 0.0833

h k1}
Ko =hf| x4 +=,y1+—
2 175 Y1 2

REBRIRIY

=0.1 3(0.1+E}+1(1.0664+
2 ) 2

X

0.0833

ﬂ =0.1004

h sz
k3 = hi| X +—,yq+-2
3 [x1+2,y1+ >

_ M2y 4k2)
—h{s(x1+2/+2(y1+ 5 }

0.1

- 0.1{3(0.1 +?}+%(1 .0644 + 0.1004

ﬂzDJOUB

X

kg =hf(xq +h,y1+k3)

= h{S(rﬁ +h]+%(y1 +k3 )}

—0.1[3(0.1 +D.1)+%(1 .0664 + 0.1008]}— 0.1183

Substituting all these values in Eqn(3), we get

yo =1.0664 + % [0.0833 +2(0.1004) +2(0.1008) + 0.1183]
~1.1670

13
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Problem(2):
Apply Runge-Kutta method of fourth order to find an approximate value
of y(0.1) and y(0.2) of j—y =X+ },2’ y(0)=1 correct to three decimal
X
places.

Soln: Given data: f(x,y)=x+y2, h=0.1
Xp=0 X1=0.1 Xo=0.2
yo =1 yi="? yo="
The Runge-Kutta method of 4™ order is given by
1
Yn+1=Yn + =lk1+2k2 + 2kg +kq]
where kq =hf(xp,¥n)

_ hy k)
ko _hf(xn oYt (1)
_ h, .k
k3_hf(xn+2,yn+ > J
kg =hf(xp +h,yn +k3)
Put n=0 in Egn(1)
1
y1:yo+g[k1+2k2+2k3+k4] -------------------------- (2)
where ki =hf(xq,y0)
h K1
Ko =hf| xo +=,y0 +—
2 (D 23’0 5
h Ko
kqa =hf| xg +—,yp0 +—=
3 (D 2}’0 5

k4 :hf[Xg +h,yo -|—k3]

14



MD. MEHEDI HASAN, LECTURER @ DIU

kq=hf(xp,y0)
_ h[x[} ; (ygjﬂ _ 0.1[0+ (1)2] ~0.1

_ h Ky
Ko _hf(x[} +2,y0 + 5 ]

h[(m+zJ+w;ﬂ

15
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kg =hf(xg +h,ypg +k3)
= h[(xo +h)+(yg +k3J2}

. 0.1[(0+0.1]+(1+0.1 168)2} - 0.1347
Substituting all these values in Egn(2), we get
y1= 1+%[0.1+2(0.1 152) +2(0.1168) +0.1347]=1.1164

Putn=1in Eqn(1)y2 =y +%[k1 +2ko +2kg +kgq] e (3)
Where
k1 =hf(x1,y1)

o h Ky
kz_hfl‘\x1+§]y1+EJ
ol h Ko
Kg = hf{km +§,y1 +?]

k4 =hf(x1+h,y1+k3)
k{1 =hf(x1,y1)

_ h[x1 n [y1)2] _ 0.1[(0.1 )+ (1.1 164)2] ~0.1346

0.1[(0.1 +E
2

2
+(1.1164+ 0'12346} }0.1551

16
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= h[[:}aq +g:}+(y1 +?}1

, o 2
0.1[[0.”02'1]+[1.11e4+0'12551} }0.15?5

I"-\.

kg =hf(x1+h,yq +k3)
= h[(?ﬂ +h)+(y1+ks JEJ

_ 0_1[(0.1 +0.1)+(1.1164 +0.1575)2] —0.1822

Substituting all these values in Egn(3), we get
yo :1.1164+%[O.1346+2(D.1551) +2(0.1575) +0.1822]

=1.2734

EXERCISE-

Solve y’ = 1 + y2 with y(0) = 0 for x = 0.2 (0.2) 0.6 by Runge-
: Kutta method of fourth order. [NUH-1999]

Ans : y(0.6) = 0.6841
Solve the following initial value problem using Runge-Kutta
method of fourth order :

d
() aﬁ = (1 +x) y with y(0) = 1 for x = 0(0.2) 0.6. y(0.2) = 1.2247,

y(0.4) = 1.5240, y(0.6) = 1.9581

i) y=g i v with y(0) = 1 for x = 0.5 (0.5) 2.

Ans : y(0.5) = 1.3571, y(1.0) = 1.5873, y(1.5) = 1.7555,
y(2.0) = 1.8956 '

17
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