Lecture: 01

Ordinary Differential Equations (ODES)

Differential Equation:
A differential equation is, in simpler terms, atetaent of equality having a derivative or
differentials.

An equation involving differentials or differentiab-efficient is called a differential equation.
2
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For examples, =0 and ydx+xdy=0 are two differential equations.

Ordinary Differential Equation:
If a differential equation contains one dependemiable and one independent variable, then
the differential equation is called ordinary ditfatial equation.
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For example, (i) —=x3nx ;
d x

y
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(i@ 0

+ 6y =tanx.

Partial Differential Equation:
If there are two or more independent variableghabthe derivatives are partial, then the
differential equation is called partial differentegjuation.

0z 0z
For example, Xx— + y—=2
0 X oy

Order:
By the order of a differential equation, we meas dnder of the highest differential co-

efficient which appears in it.
2

d7y + xﬂ =0 is a second order differential equation.

For example, 4
d x? dx

Degree:
By the degree of a differential equation, we mésndegree of the highest differential co-
efficient after the equation has been put in thienfbree from radicals and fraction.
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For example, [ j g] +2x(%) =0 is a differential equation whose degree is 4.
X X
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{ﬂ + 2x(d4yj3 }% = (x-2)%
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4
The degree o‘/% + 2x(d yJ =3/x-2is 9.
X
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General Solution:
The solution of a differential equation in whiclethumber of arbitrary constants is equal to

the order of the differential equation is called general solution.
. . . . .d?
For example, y = ax+b is the general solution of the differential equatld—Z:O ,
X
wherea andb are arbitrary constant.

Particular Solution:
If particular values are given to the arbitrary stamts in the general solution, then the
solution so obtained is called particular solution.

. : . d? .
For example, puttinga=2 andb= 3a particular solution ofd—Z:O isy=2x+3.
X

2

How to solve d Z =07

dx

Solution:

2
d—zzo, ori(ﬂjzo, or jd(ﬂj:a,
dx dx \ dx dx

or J'du:a where u:%,

X
oru=a,
or ﬂ:a,
dx
or jdyzaj'dx+b,
or y=ax+b.
which geometrically represents a straight line.

Or one may solve it in the following way :

2
d >2/:O , or i(ﬂj:ol
dx dx\ dx

since the derivative ot(;—y is zero;
X

SO ﬂ: constant a (say)
dx

or J'dy:ajdx+b or y=agx+bhb.

dly_

In fact > =0 is an ODE of order 2 and has as solution with 2mpaters a and b.
X
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Formation of Ordinary Differential Equation:
Eliminating arbitrary constants, veadorm ODE.

Form an ODE correspondingto y = e* (ACosx+ B Sinx)
Solution:

Given, y = e* (ACosx+B Sinx)
Differentiating with respect toxwe get

% = e*(ACosx+ B Snx)+e* (- ASnx+ B Cosx)
X

= y+ e* (- ASnx+ B Cosx)
Differentiating again with respect towe get

d®y _dy _ .« x -

= —2 +e* (- A9nx+BCosx) + e* (- ACosx—B Sinx)
dx? dx

:% + e* (- A9nx+BCosx) - e* (ACosx+ B Sinx)

X
:ﬂ + ﬂ— —_— y
dx d x

d*y -2 ﬂ +2y=0
dx? d x '

Derivean ODE correspondingto all circleslying in a plane.
Derivation:

The equation of all circles lying in a plane is
X2+y2+2gx+2fy+c =0 ... o oo et e e e ()
Which contains three arbitrary consigintf andc .
Differentiating (i) thrice successively, we have
2x+2yﬂ+29+2f dy =0
d x d x

dy dy
X+y—+g+f— =0
ydx J d x

2
1+(9Xj =—(y+f)3 Y (i)
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o8] 4%V (yu)dy _dy d’y

dx ) dx? dx® dx dx?

dy) d?y d3y
3| — = - + f S (11

(dedxz (y )dx3 (ii)

Dividing (ii) by (i)
2

dy d?y
1+ = - \y+f

( X] ) (y )dx2

dy) d?y Sy
3 + f
(dXde2 v )dx3

dy)( d?y 2_ d3y dy)?
3 = 1+

dx )| dx? dx? d x
Find the differential equation of the curves x y=Ae” +B e for different valuesof A
and B. State order and degree of thederived equation.
Solution:
Given equationxy=Ae* +B e
Differentiating with respect taxwe get

x4 4 y=2Ae** -2B e ¥
dx

Differentiating again with respect towe get

2
IV L4y Ay jae? sag e
dx? dx dx

2

d°y ,,dy :4(Ae2x +B e'zx)
dx 2 d x

d’y  dy_dy

X— +—=+—= -4xy=0

dx* dx dx X
This is the required differential equation. The oroethe above equation is 2 and the degree
is 1.

X

2

Show that Ax? +By?=1isthe solution of x yOI Z+(ﬂj2 = yﬂ.
dx dx dx

Proof:
Given equationAx*+By*= 1
Differentiating with respect toxwe get

2nx+28y3Y =0
dx

Ax+8y%20 e )
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A_
B
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Differentiating (i) again with respect towe get

2 2
a+Byd Y 48[ dY] -
dx 2 d x

A__ d%y (dy)
B ydx2 d x
y
X

2 2
dy__,d%y _(ﬂj [Using (ii)]

& dx 2 dx
d?y dyjz dy
X + =% = y=.
{y dx’ (dx Y ix
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Find the differential equationsof all circles passing through origin and having their

centreson the X-axis.
Solution:

The equations of all circles passing through oragid having their centres on the X-axis is

x?+y2+2gx =0
2gx = - (x2+y2)

2 2
2g=—(x *y J
X

Differentiating (i) with respect toxwe get

2x+2y%+2920
X

2 2
2x+2yjy —(X ty ]=0.
X X

. ()

(ii)



