Linear Differential Equation and integrating factor

If P and Q are only functions of x or constants then the differential equation of the form Z—z +
Py = Q@ is called the first order linear differential equation.

INTEGRATING FACTOR (1.F)
A given differential equation may not be integrable as such. But it may become integrable when it

is multiplied by a function. Such a function is called the integrating factor (I.F). Hence an
integrating factor is one which changes a differential equation into one which is directly
integrable.

. dy _
Solve: s 2y = 4x

Solution: Given that,

d_y _ .

T 2y =4x............. (1)

|.F=el2dx = 2%

Multiplying equation (i) by the I.F. e?* we get,

a
ezxé + 2ye?* = 4xe?*

or,:—x(yezx) = 4xe?*

Now integrating,

ye?* =4 [ xe?*dx

or,ye?* = 4[x?—f1?dx]
or,ye?* = 2xe?* — 2 [ e®*dx
or,ye** = 2xe** — 2? +c

or,ye** = 2xe** —e** + ¢

2x

~y=2x—1+ce”
. dy — pbx

Solve: Lty=e

Solution: Given that,

d_y — 5% .

ety =e (1)

|LF. =eJ1dx = o



Multiplying equation (i) by the I.F. e* we get,
xd_y X — p,5x ,x
e*——tye*=e’.e
or,i(yex) = eb
dx
Now integrating,

ye* = [e®dx

e6x
or,ye* =T+C

eSx

. — —X
-y p + ce

dy o -s5x
Solve: LY =e€

Solution: Given that,

d
or,— (ye™) = e~

Now integrating,

ye ™ = [ e %%dx

—-6X

— e
or,ye ¥ = — +c

6

e—Sx

+ ce”*

3.}7::-—
. dy
Solve: . TY=cosx

Solution: Given that,

Multiplying equation (i) by the I.F. e* we get,



d
ex£+yex = e* cosx

d
or,— (ye*) = e*cosx

Now integrating,

ye* = [e*cosxdx................. (ii)

Let I = [ e* cosxdx
= e*sinx — [ e* sin xdx
= e*sinx — [e*(—cosx) — [ e*(— cos x)dx]
= e*sinx + e* cosx — [ e* cos xdx
=e*(sinx + cosx) — 1

or,2I = e*(sinx + cos x)

X
or,I = e? (sinx + cosx)

X
~ [e*cosxdx = e? (sinx + cos x)
From (ii) we get,
e* . .
ye* = 7(smx + cosx) +c¢

Ly = %(sinx + cosx) +ce™

d .
Solve: d—z +y=sinx

Solution: Given that,

|LF. zef1dx = ox
Multiplying equation (i) by the I.F. e* we get,
xd_y X — X o}
e dx+ye =e*sinx
or i( e*) = e*sinx
rax Y

Now integrating,



ye* = [e*sinxdx.............. (ii)
Let I = [ e*sinxdx
= e*(—cosx) — [ e*(— cos x)dx
= —e* cosx + [ e* cosxdx
= —e*cosx + e¥*sinx — [ e* sinxdx
=e*(sinx —cosx) — I
or,2I = e*(sinx — cos x)

e* , .
or,I = 7(smx — Ccosx)

X
~ [e*sinxdx = e? (sinx — cos x)
From (ii) we get,
e* , .
ye* = 7(smx —cosx)+c

Ly = %(sinx —cosx) +ce™

Solve: % + 2xy = 2xe*’

Solution: Given that,

2

X
i 2
|LF. zef2xdx = o277 = g

Multiplying equation (i) by the I.F. e*” we get,
exZ% + nye’f2 = 2xe*". e
or,;—x(yexz) = 2xe®”
Now integrating,
ye*” = [ 2xe? dx

= [e?dz

2z
e

= +c
2

Let x? =z

or,2x = az
dx

s 2xdx = dz



X

Sy = 67 +ce™
Solve: ay _ 2xy + x
Tdx y

Solution: Given that,

dy _
Pl 2xy + x
dy__ _
or,—~ 2XY = Xeiiiiiiiannnn. (1)

X

|LF. =ef —2xdx = 725 = ¢=x*

Multiplying equation (i) by the I.F. e™*° we get,

_2d A2 a2
exﬁ—nyex =xe ™

or,:—x (ye‘xz) = xe ™’

Now integrating,
ye ™ = [xe *’dx

etz
_fezz

-z

e
=-"+c
2

Ly = —% +ce*’

Solve: (1 + xz)% —2xy = (1 + x?)?
Solution: Given that,

1+ xZ)Z—z —2xy = (14 x?)?

dy 2x
Tdx  14x2

or y=1+x%.............. (1)

I.F. :ef—%dx = g~ In(1+x?) — 6,ln(1+x2)_1 =(1+x2)1=

1
1+x2

Multiplying equation (i) by the I.F.

we get,

Letx? =z

zZ
or,2x = —

1
1+x2




1 d 2x
ay _ y=1
1+x2dx  (1+x2)2

d 1
o (Vi) = 1
Now integrating,

1
1+x2

y = [ 1dx

or,y =x+c

1+x2

sy =((x+c)(1+x?)

Solve: % + ycot x = cotx

Solution: Given that,

2+ yeot x = cot (i)

dx Yol X = COotX...............

| F. = gf cotxdx — plnsinx — ¢ipy

Multiplying equation (i) by the I.F. sin x we get,

. d . .
smxé + ycot x.sinx = cotx.sinx

or, ;—x (ysin x) = cotx.sinx
Now integrating,

ysinx = [ cotx.sinx dx
or,ysin x = f% sin x dx
or,ysin x = [ cos xdx
or,ysinx =sinx +c¢
~y=1+c.cosecx

Solve: % + ycot x = secx
Solution: Given that,

Z—z + ycotx =seCcX.............. (1)

| E. =ef cotxdx — olnsinx — ¢jp



Multiplying equation (i) by the I.F. sin x we get,

. d . .
smxﬁ + ycot x.sinx = sec x.sInx

d . .
or,— (ysin x) = secx.sinx
Now integrating,
ysin x = [ sec x.sin x dx
. 1.
or,ysin x = fmsm xdx
or,ysin x = [ tan xdx
or,ysin x = —In|cosx| + ¢
~y = [—In|cos x| + c]cosec x
.dy
Solve: o, Tycotx =tanx
Solution: Given that,
Dy yeotx =t (i)
S tycotx=tanx.............. i
|.E. = efcotxdx — plnsinx — ¢ip
Multiplying equation (i) by the I.F. sin x we get,

. d . .
smx% + ycot x.sinx = tan x.sin x

a, . .
or,—(ysinx) = tanx.sinx
Now integrating,
ysinx = [ tanx.sinx dx

, sinx .
or,ysinx = [ <, Sinxdx

sin%x

or,ysinx = [ —

1-cos?x

or,ysinx = [ o

or,ysinx = [(secx — cos x)dx
or,ysin x = In|secx + tanx| —sinx + ¢

~y = In|secx + tan x|.cosec x — 1 + c.cosec x



Problems for Solution

(N Z—;’—By:cosx
(i) Z=—cy+x
(i) Z+=y=cosx
(iv) Z+iy=e

(v) Z—z + ycot x = cosec x
. dy .
(vi) 5, T ysecx =sinx

(vii) Z—z + ysec x = cosx

Real life problem

(Q) A computer manufacturing company of computer apparatus has found that the cost C of
operating and maintaining the equipment is related to the length m of intervals between
overhauls by the equation

nﬂ%+2mc=2andc=4 when m = 2.

Find the relationship between C and m.

Solution :
Given m?9C +omc=2 or d—c+£:%
dm dm m m
This is a first order linear differential equation of the form
dy _ _2 . _ 2
E+Py Q, where P o Q o

Pam 2 gim o
I.F=eJ = eI“‘ = glogm® = py2

General solution 18
C(LF) = IQ(I.F) dm+k where & is aconstant

Cm? = I%m2dm+k
m
Cm* =2m+k
When C' =4 andm = 2, we have
l6 =4+k — k=12

.. The relationship between C and m is
Cm?=2m+12=2(m+6)
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