
 

Bernoulli’s Equation 

If P and Q are only functions of x or constants, then the differential equation of the form 
𝑑𝑦

𝑑𝑥
+

𝑃𝑦 = 𝑄𝑦𝑛; 𝑛 ≠ 1 is called Bernoulli’s equation. 

 

Solve: 
𝒅𝒚

𝒅𝒙
+ 𝟑𝒙𝟐𝒚 = 𝒙𝟐𝒚𝟑 

Solution: In this equation, 𝑃(𝑥) = 3𝑥2, 𝑄(𝑥) = 𝑥2, 𝑛 = 3 

Let us transform the above equation by the following transformation  

𝑧 = 𝑦1−𝑛 = 𝑦1−3 = 𝑦−2 =
1

𝑦2
 

After the transformation the transformed equation stands, 

𝑑𝑧

𝑑𝑥
+ (1 − 3)3𝑥2𝑧 = (1 − 3)𝑥2 

                                                  𝑜𝑟,
𝑑𝑧

𝑑𝑥
− 6𝑥2𝑧 = −2𝑥2,…………….(i) 

which is a linear differential equation in z. 

Now, I.F.=𝑒∫−6𝑥
2𝑑𝑥 = 𝑒−6

𝑥3

3 = 𝑒−2𝑥
3
 

Now, multiplying the equation (i) by the I.F. 𝑒−2𝑥
3
, 

𝑒−2𝑥
3 𝑑𝑧

𝑑𝑥
− 6𝑥2𝑧𝑒−2𝑥

3
= −2𝑥2𝑒−2𝑥

3
 

                                              𝑜𝑟,
𝑑

𝑑𝑥
(𝑧𝑒−2𝑥

3
) = −2𝑥2𝑒−2𝑥

3
 

Now integrating, 

𝑧𝑒−2𝑥
3
= −2∫𝑥2𝑒−2𝑥

3
𝑑𝑥                                                          Let 𝑥3 = 𝑡 

             = −2∫ 𝑒−2𝑡
𝑑𝑡

3
                                                                 𝑜𝑟, 3𝑥2 =

𝑑𝑡

𝑑𝑥
 

               = −
2

3
∫ 𝑒−2𝑡𝑑𝑡                                                               𝑜𝑟, 𝑥2𝑑𝑥 =

𝑑𝑡

3
 

               = −
2

3
(
𝑒−2𝑡

−2
) + 𝑐 

𝑧𝑒−2𝑥
3
=

1

3
𝑒−2𝑥

3
+ 𝑐  



 

𝑜𝑟, 𝑧 =
1

3
+ 𝑐𝑒2𝑥

3
  

  ∴
1

𝑦2
=

1

3
+ 𝑐𝑒2𝑥

3
 

 

Solve: 
𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚 = 𝒙𝒚𝟐 

Solution: In this equation, 𝑃(𝑥) = 2𝑥,𝑄(𝑥) = 𝑥, 𝑛 = 2 

Let us transform the above equation by the following transformation  

𝑧 = 𝑦1−𝑛 = 𝑦1−2 = 𝑦−1 =
1

𝑦
 

 

After the transformation the transformed equation stands, 

𝑑𝑧

𝑑𝑥
+ (1 − 2)2𝑥𝑧 = (1 − 2)𝑥 

                                                    𝑜𝑟,
𝑑𝑧

𝑑𝑥
− 2𝑥𝑧 = −𝑥, …………………(i) 

which is a linear differential equation in z. 

Now, I.F. =𝑒∫−2𝑥𝑑𝑥 = 𝑒−2
𝑥2

2 = 𝑒−𝑥
2
 

Now, multiplying the equation (i) by the I.F. 𝑒−𝑥
2
, 

𝑒−𝑥
2 𝑑𝑧

𝑑𝑥
− 2𝑥𝑧𝑒−𝑥

2
= −𝑥𝑒−𝑥

2
 

                                                    𝑜𝑟,
𝑑

𝑑𝑥
(𝑧𝑒−𝑥

2
) = −𝑥𝑒−𝑥

2
 

 

Now integrating, 

𝑧𝑒−𝑥
2
= −∫𝑥𝑒−𝑥

2
𝑑𝑥                                    Let 𝑥2 = 𝑡 

           = −∫𝑒−𝑡
𝑑𝑡

2
                                            𝑜𝑟, 2𝑥 =

𝑑𝑡

𝑑𝑥
  𝑜𝑟, 𝑥𝑑𝑥 =

𝑑𝑡

2
 

        = −
1

2
∫𝑒−𝑡𝑑𝑡  

        =
1

2
𝑒−𝑡 + 𝑐 



 

𝑧𝑒−𝑥
2
=

1

2
𝑒−𝑥

2
+ 𝑐  

𝑜𝑟, 𝑧 =
1

2
+ 𝑐𝑒𝑥

2
  

∴
1

𝑦
=

1

2
+ 𝑐𝑒𝑥

2
  

Solve: 
𝒅𝒚

𝒅𝒙
+

𝟏

𝒙
𝒚 = 𝒙𝒚𝟐 

Solution: In this equation, 𝑃(𝑥) =
1

𝑥
, 𝑄(𝑥) = 𝑥, 𝑛 = 2 

Let us transform the above equation by the following transformation  

𝑧 = 𝑦1−𝑛 = 𝑦1−2 = 𝑦−1 =
1

𝑦
 

 

        After the transformation the transformed equation stands, 

                     

                                
𝑑𝑧

𝑑𝑥
+ (1 − 2)

1

𝑥
𝑧 = (1 − 2)𝑥 

                              𝑜𝑟,
𝑑𝑧

𝑑𝑥
−

1

𝑥
𝑧 = −𝑥, ………………(i) 

which is a linear differential equation in z. 

Now, I.F. =𝑒−∫
1

𝑥
𝑑𝑥 = 𝑒− ln𝑥 = 𝑒ln 𝑥

−1
=

1

𝑥
 

Now, multiplying the equation (i) by the I.F. 
1

𝑥
, 

1

𝑥

𝑑𝑧

𝑑𝑥
−

1

𝑥2
𝑧 = −1 

                                                             𝑜𝑟,
𝑑

𝑑𝑥
(𝑧

1

𝑥
) = −1 

 

Now integrating, 

𝑧
1

𝑥
= −∫𝑑𝑥 

                                                                𝑜𝑟, 𝑧
1

𝑥
= −𝑥 + 𝑐 

                                                                𝑜𝑟, 𝑧 = −𝑥2 + 𝑐𝑥 



 

                                                                 ∴
1

𝑦
= −𝑥2 + 𝑐𝑥 

Solve: 
𝒅𝒚

𝒅𝒙
+

𝟏

𝒙
𝒚 = 𝒙√𝒚           

Solution: Given that,  

            
𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 = 𝑥√𝑦 

           𝑜𝑟,
𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 = 𝑥𝑦

1

2 

In this equation, 𝑃(𝑥) =
1

𝑥
, 𝑄(𝑥) = 𝑥, 𝑛 =

1

2
 

Let us transform the above equation by the following transformation  

𝑧 = 𝑦1−𝑛 = 𝑦1−
1

2 = 𝑦
1

2 

After the transformation the transformed equation stands, 

𝑑𝑧

𝑑𝑥
+ (1 −

1

2
)
1

𝑥
𝑧 = (1 −

1

2
) 𝑥 

                                                   𝑜𝑟,
𝑑𝑧

𝑑𝑥
+

1

2𝑥
𝑧 =

1

2
𝑥, ……………..(i) 

 

which is a linear differential equation in z. 

Now, I.F. =𝑒∫
1

2𝑥
𝑑𝑥 = 𝑒

1

2
ln 𝑥 = 𝑥

1

2 

Now, multiplying the equation (i) by the I.F. 𝑥
1

2, 

𝑥
1

2
𝑑𝑧

𝑑𝑥
+

1

2𝑥
𝑧𝑥

1

2 =
1

2
𝑥. 𝑥

1

2 

                                                        𝑜𝑟,
𝑑

𝑑𝑥
(𝑧𝑥

1

2) =
1

2
𝑥
3

2 

Now integrating, 

𝑧𝑥
1

2 = ∫
1

2
𝑥
3

2 𝑑𝑥 

                                                                        =
1

2
∫ 𝑥

3

2𝑑𝑥 

                                                                        =
1

2

𝑥
5
2

5

2

+ 𝑐 



 

                                                            𝑧𝑥
1

2 =
1

5
𝑥
5

2 + 𝑐 

                                                          𝑜𝑟, 𝑧 =
1

5
𝑥2 + 𝑐𝑥−

1

2 

                                                            ∴ 𝑦
1

2 =
1

5
𝑥2 + 𝑐𝑥−

1

2     

 

Problems for Solution 

(i) 
𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑥3√𝑦

3  

(ii) 𝑦
𝑑𝑦

𝑑𝑥
− 𝑦2 = 𝑒𝑥 

 


