Mohiuddin

Linear Differential Equations with
Constant Coefficients

Linear Differential Equations: A differential equation of the form,

d y dn ly dn 2y
+P, +P, +eotPy=0........(1
dx"  tdx™Zdx™? Y =Q (1)
where, P, P,, ... Pand Qare functions of x or, constants, is called a linear

differential equation of n™ order.

If B, P, ... Pare all constants (not functions of x) and Qis function of x or

constant, then the equation is called a linear differential equation with constant
coefficients.

If the right-hand term Q (non-homogeneous term) is identically zero, then the
equation reduces to,
dn—Zy

d"y d"ty
+PB +P,—=+...... Py=0........(2
dx"  tdx™? dx”’2+ Y (2)

and it is called a linear homogeneous differential equation.

The general solution of equation (2) will be,

a).y=ce™ +ce™ +....+ce™Iif the roots i.e, m, m,, ...... m.are real and
distinct.
b).y=(c, +c,x+ ...+ cx"*)e™if the roots i.e, m,m,....mare real and

equal.

C). y =(c,cosbx+c,sinbx)e™if the roots are complex(a+ib)and distinct.

d). y ={(c, +¢,x)cosbx+(c, +c,x)sinbxje™if the roots are complex(a=xib)and
repeated.

Problem-01: SolveOI 3y 11OIy 6y =0.
X

dx

OR,
D’y -6D°y+11Dy -6y =0

Solution: Given that,
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d’y .d’y . dy
b A 117 _6y=0... ... ... 1
dx* dx? i dx y (1)

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m’e™ —6m’e™ +11me™ —6e™ =0
=e™ (m®-6m’ +11m—6)=0
=m’-6m°+11m-6=0 ; sincee™ =0
=m’-m’-5m*+5m+6m-6=0

=m?(m-1)-5m(m-1)+6(m-1)=0

The general solution is,
y =ce* +c,e”* +c,e™

where, c,, c,, c,are arbitrary constants.

3
Problem-02: Solved—Z—lsd—y—lzyzo
dx dx

OR,
D’y -13Dy-12y =0
Solution: Given that,
d’y

d
W—md—i—lzy:o ......... (1)

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
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me™ —13me™ —12e™ =0
=e™ (m*-13m-12)=0
=m®-13m-12=0 ; since e™ =0
=m’+m’-m?-m-12m-12=0
=m?(m+1)-m(m+1)-12(m-1)=0
= (m+1)(m*-m-12)=0

=(m+1)(m* - 4m+3m- 12) 0

)(m
+1){m(m-4)+3(m-4)} =0
(

=(m+1)(m+3)(m-4)=0
~ m+1=0; m+3=0; m-4=0
=> m=-1; m=-3; m=4
The general solution is,
ax

=X -3x
y=ce*+ce ¥ +ce

where, c,, c,, c,are arbitrary constants.

dy
+4y=0
dx dx y=

OR,
D?’y-4Dy+4y=0

Solution: Given that,

d’y dy
2 4 i 4y=0......... 1
axz ax 1)

Let, y=e™be the trial solution.
The auxiliary equation of (1) is,
m’e™ —4me™ +4e™ =0

=™ (m2—4m+4):0

=m’-4m+4=0 ; sincee™ %0
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=(m-2)(m-2)=0
. m-2=0;m-2=0
=> m=2;m=2

The general solution is,
y =(c, +c,x)e*

where, c,, c,are arbitrary constants.
4 3

Problem-04: Solve® }f _d 2’ o

dx* dx d

OR
D'y-D’y—-9D%y-11Dy -4y =0

2

y dy
~11° Y 4y =0,

NG dx y

Solution: Given that,

d'y d’y _d?
T 9
dx® dx dx

y ,,dvy
11— 4y=0... ... ... 1
> o (1)

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m‘e™ —m’e™ —9m?e™ —11me™ —4e™ =0
=e™(m‘-m’-9m’ -1Im-4) =0
>m'-m*-9m?-11m-4=0; sincee™ =0
=m*-4m® +3m° -12m* +3m’ -12m+m-4=0
=m*(m-4)+3m*(m-4)+3m(m-4)+1(m-4)=0
= (m—4)(m*+3m*+3m+1)=0
::>(m—4)(m+1)3 =0
~ m-4=0; m+1=0;m+1=0; m+1=0
=> m=4; m=-1;m=-1;m=-1

The general solution is,
y=(c, +cx+c,x* e +c,e”

where, ¢, c,, c,, c,are arbitrary constants.

4
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2
Problem-05: Solved—Z—2ﬂ+2y =0.
dx dx
OR,
D’y—2Dy+2y=0

Solution: Given that,

d’y _dy
2242y =0... ... ... 1
dx? der y (D

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m’e™ —2me™ +2e™ =0
=e™ (M’ -2m+2)=0
=m’-2m+2=0 ; sincee™ =0

=m’-2m+2=0

The general solution is,

(1+i)x n Cze(l—i)x

y=cge
=ce’e” +cete™
=e*[e"+ce™]

=e*[ ¢, (cosx+isinx)+c, (cosx—isinx)]|

=e*[(c,+c,)cosx+i(c,—c,)sinx]
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=e*[Acosx+Bsinx] ; putting, A=(c,+c,) and B =i(

where, A, Bare arbitrary constants.

dy —+13y=0.
dx

dx

OR,
D?y—4Dy+13y =0

Solution: Given that,

dx? dx

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m’e™ —4me™ +13e™ =0
=e™ (m’ -4m+13)=0
=m’-4m+13=0 ; sincee™ =0
=m?-4m+13=0

 4+.16-52

The general solution is,

(2+3i)x 2-3i)x

— (
y=ce +c,e

2x A3ix 2x 4—3ix

=Cce e +Ce e

_ eZX I:esix + Cze—Six]

Cl_CZ)
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=e?[ ¢, (cos3x+isin3x)+c, (cos3x —isin3x) |
=e”[(c,+¢,)cos3x+i(c, —c,)sin3x |
=e™[Acos3x+Bsin3x] ; putting, A=(c,+c,) and B=i(c,—c,)
where, A, Bare arbitrary constants.

4 2
d y+5d y

Problem-07: Solve—2 2
dx dx

+6y=0.

OR,
D'y +5D%y+6y=0

Solution: Given that,

dy _d?
d_)(z’+5dxz’+6y=o ......... (1)

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m‘e™ +5m%e™ +6e™ =0
=e™(m*+5m’+6)=0
=m*+5m*+6=0 ; sincee™ =0
=m’+5m*+6=0
=m*+3m*+2m°+6=0
:>m2(m2+3)+2(m2+3):0
:>(m2+2)(m2+3):0

m>+2=0 ;: m*+3=0

The general solution is,

_ ﬁix —\/Eix \/§ix —«/§ix
y=ce ' +ce " +cet e
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- cl(cos J2x+isin \/Ex)+c2 (cos\/fx— isin \/Ex)
+C, (cos J3x+isin J§x) +C, (cos\/§x— isin \/§x)

:(cl+(:2)cosﬁx+i(cl—cz)sinﬁ\}g(cg+c4)cosﬁ\>/<_+i(c3 ¢, )sin~/3x

= Acos~/2x+ Bsin+/2x +C cos+/3x + Dsin+/3x
putting, A=(c,+c,) ; B=i(c,—c,) ;C=(c;+c,) ; D=i(c,—c,)

where, A, B, C, Dare arbitrary constants.
dly d' d y
_ + =
dx*  dx® dx
OR
D'y-D® -Dy+y=0

Problem-08: Solve

Solution: Given that,

Let, y=e™be the trial solution.
The auxiliary equation of (1) is,

3emx _ memx + emx — 0

m*e™ —m
=e™ (m4—m3—m+1)=0
=m*-m*-m+1=0 ; sincee™ =0
=m*-m'-m+1=0
=m’(m-1)-1(m-1)=0
=(m-1)(m*-1)=0
:>(m—1)(m—1)(m2+m+1):0
m-1=0; m-1=0; m*+m+1=0

~1++1-4

= m=1;: m=1; m=
2
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_-1+4-3

2

_144/3i%

2
2 2
The general solution is,

X

y=(c,+c,x)e* +e ?|c, cos—x+c sm—

where, ¢, c,, c,, c,are arbitrary constants.

2

4
Problem-09: Solve Y 4 29Y ,y _o.
dx dx

OR
D*y+2D’y+y=0

Solution: Given that,

4 2
dx dx

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m*e™ +m%™ +e™ =0
=e™ (m*+2m’ +1)=0
=m*+2m’+1=0 ; sincee™ =0
:>(m2+1)2 =0
m*+1=0; m*+1=0

= m=-1; m=-1

= m’=i’; m’ =i’

= m=4i; m==i

The general solution is,
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y=(c, +c,x)e" +(c, +c,x)e™
=(c, +¢,x)(cos x+isinx)+(c, +c,x)(cos x—isin x)
=[c,+c;+(c, +¢,)x]cosx+i[ ¢, — ¢, +(c, —¢, ) xsinx

=(A+Bx)cos x+(C + Dx)sin x
putting, A=(c,+c,) ; B=(c;+¢,) ;C=i(c,—¢c,) ; D=i(c,;—¢,)

where, A, B, C, Dare arbitrary constants.

6 4 2
Problem-10: Solve ¢ Z+3d 2’+3d ¥+y:0.
dx dx dx
Solution: Given that,
6 4 2
dy, 5d 4y+3d Z+y=0 ......... (1)

dx®  dx dx

Let, y=e™be the trial solution.

The auxiliary equation of (1) is,
m°e™ +3m*e™ +3m’e™ +e™ =0
=e™ (m6+3m4+3m2+1):0
=m’+3m*+3m*+1=0 ; sincee™ =0
:>(m2+1)3 =0

m*+1=0; m*+1=0 ; m*+1=0

= m=-1;, m=-1;m=-1
= m’=i*; m*=i*; m’ =i’
= m==+i; m==4i;m=4i

The general solution is,

Y =, +C,X+C;X* ) cos X+ (¢, +CoX +CoX° ) sin X

where, ¢, ¢,, ¢, C,,C;, C;are arbitrary constants.

10
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Exercise:

1. Solve D’y —3Dy +2y =0 Ans:ce* +c,e**

2
2.Solvez—3+%—6y =0 Ans:ce”™ +c,e™
x> dx

3.Solve D*y —4Dy +y =0 Ans:e* (cleng + cze‘ﬁx)

3
4.SO|V63—Z—3g—y+ 2y =0 Ans:(c, +c,x)e* +ce ™
X X

5.Solve D*y-4D%y+4y =0 An s(c, +c,x)e’ +(c, +c,x)e™*
Ny .

d’y . dy .
6.SolveF—2d—+5y =0 Ans:(Acos2x+ Bsin2x)e”
X X

7.So|ve%+8y =0 Ans:ce ™ + {cz cos(\/§x)+ C, Sin (\/gX)} e*

8.Solve D'y —81y =0 Ans:c,e®™ +c,e** + ¢, cos 3x + ¢, sin 3x

11
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Linear Differential Equations with Constant
Coefficients but Right Side non-zero.

Consider a differential equation of the form,

dny Pdn—l dn—Zy

ENCIRE T de”’2+ ...... +Py=Q... ... .. (1)

where, B, P,, ... P are all constants (not functions of x) and Qis function of x
or constant but Q 0.

The general solution of equation (1) is,
Y=Y+,

wherey, is known as the complementary function (C.F) and vy, is called the
particular integral (P.1).

Working Rules for Finding Particular Integral:

l m -1 m
1 o)" =[1xF(D)] x".
1 ax _ 1 ax 3
2. f(D)e = f(a)e if f(a)=0.
3. #sinax:;sinax; or, ﬁcosax:ﬁcosax if f(—a2)¢o.

f(D?) f(-a’)

4. 1 eV =e¥ Dl V  where, V is a function of x.

Exceptional case:

1 ax __ X ax y _ '
1. f(D)e = f'(D)e if f(a)=0but f (a)=0.
Again, if f (a)=0, f (a)=0then
1 e — X° e
f(b) f'(D)
#sinax:Lsinax; or, L cosax=—% cosax if f(—a2)=0
f(D?) f(D?) f(D?) £(D?)

but f'(—az);to.
Again if f'(-a*)=0but f"(-a’)=0then

12
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2 2
sinax; or, cosax =

f(D?) f'(D?)

sinax =

1
f(D?) t'(D?)

NOTE:

cosax .

1. p=%and i:jdx.
dx D

2. (1+x)71:1—x+x2—x3+ ---------

3. (1—x)71=1+x+x2+x3+ ---------

4. (1+ x)_2 =14+ 2X+ 3K +4X3 4 e

5. (1—x)_2 =1-2X+3X2 =43 -eveneen

6. (1-X) " =1+3X+6X +10X3 4o oo ov oo

Problem-01: Solve D’y +3Dy+2y =4x.
Solution: Given that,

D?y+3Dy+2y=4X... ... ... (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,

D’y +3Dy+2y=0... ... ... (2)
The auxiliary equation of (2) is,

m’e™ +3me™ +2e™ =0

=e™ (m2 +3m+ 2) =0

=m*+3m+2=0 ; sincee™ #0

>m?+2m+m+2=0

= m(m+2)+(m+2)=0

= (m+2)(m+1)=0

. m+2=0 ; m+1=0

" m=-2 ; m=-1
The complementary function of (1) is,

y, =ce ¥ +c,e

13
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The particular integral of (1) is,

1

=— (4
Yo D2+3D+2( )

=2x-3
Therefore, the general solution of equation (1) is,
y=Y.+Y,
=ce*+ce ¥ +2x+3
where, c,, c,are arbitrary constants.
Problem-02: Solve D?y +5Dy +4y = 3—2x.
Solution: Given that,
D?y+5Dy +4y =3—-2X - - - (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D2y +5Dy+4y=0--- .- ... (2)
The auxiliary equation of (2) is,
m’e™ +5me™ +4e™ =0
=e™ (m*+5m+4)=0
=m?+5m+4=0 ; sincee™ =0
S>m*+4m+m+4=0
=>m(m+4)+(m+4)=0

14



Mohiuddin
= (m+4)(m+1)=0

~ m+1=0 ; m+4=0

The complementary function of (1) is,
y, =ce*+c,e™

The particular integral of (1) is,

J
%Dugay(?ug@l........}<3_2x>

3
=——ZX+—

4

11 1
=—=-=X

8 2

Therefore, the general solution of equation (1) is,
Y=Y tY,

=ce " +ce™ +E—1x
8 2

where, c,, c,are arbitrary constants.

Problem-03: Solve D?y +2Dy +y = 2x + x2.
Solution: Given that,

D?y+ 2Dy + Y = 2X+ X% coe oee e (1)

15
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Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D?y+2Dy+y=0-e- oo (2)
The auxiliary equation of (2) is,
m?e™ +2me™ +e™ =0
=e™ (m2 +2m +1) =0
=m*+2m+1=0 ; sincee™ =0
=(m+1)" =0
~ m=-1,-1
The complementary function of (1) is,
Y. =(c,+c,x)e™
The particular integral of (1) is,

1

= 57207102

Yo

_ 2
_1+(D2+2D)(2X+X)

= 1+(D2 +2D)T(2x+x2)

- 1—(D2+2D)+(D2+2D)2—--------}(2x+x2)

= :2x+x2—{2+2(2+2x)}+8J
=2Xx+x*—2-4-4x+8
=X*—2X+2
Therefore, the general solution of equation (1) is,
Y=Y 1Y,
=(c,+c,x)e ™ +x* —2x+2

where, c,, c,are arbitrary constants.

Problem-04: Solve D?y—6Dy+9y =1+ x+Xx2.
Solution: Given that,

16



Mohiuddin
D?y —6Dy +9y =1+ X+ X" --v-ov o (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D?y—6Dy+9y =0 .- .- (2)
The auxiliary equation of (2) is,
m?e™ —6me™ +9e™ =0
=e™ (m*-6m+9)=0
=m’-6m+9=0 ; sincee™ =0
=(m-3)"=0
~ m=3,3
The complementary function of (1) is,
y, =(c, +c,x)e*
The particular integral of (1) is,

1

:m(l'i'X'FXz)

Yo

1+x+xﬁ

1 , 2 2 4 8}
=— |14+ X+ X ——F+—+=—X+—
9L 9 3 3 9

:2—17(3x2+7x+7)

Therefore, the general solution of equation (1) is,
Yy=Y¥.+Y,

17
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=(c, +c,x)e” +i(3x2 +7X+7)
27
where, c,, c,are arbitrary constants.

Problem-05: Solve D*y-2D% + D%y = x°.

Solution: Given that,

The auxiliary equation of (2) is,
m'e™ —2m’%™ + m?%e™ =0
=e™ (m*-2m’+m?*)=0
=m'-2m*+m’=0 ; sincee™ =0
:>m2(m2—2m+1):0
:>m2(m—1)2 =0
~ m=0,0,11

The complementary function of (1) is,
Y, =€, +C,X+(cy+C,x)e"

The particular integral of (1) is,

1
Y=o oo ¥

](X3)

D2[1+ 2_92D

:é[u 2 -2D) ()
;2[x3 6x—6x°) (24+24x)]

=Di(x —6X +6x° —24+24x)

18
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1 3 2
:F(x +6X° +18x —24)

= ix5 +1x4 +3x3—12x3
20 2

Therefore, the general solution of equation (1) is,

Yy=Y¥.+Y,
_ X 1 5 1 4 3 2
=, +C,X+(C;+C,X)e togX TS +3x° —12x

where, ¢, c,,c,,c,are arbitrary constants.

Exercise: Try Yourself

1. D’y-2Dy+y=x ANS:y =(c +¢,X)e* + x> +4x+6

2
2. D’y+4y=x*+3 AnS:y:c10032x+czsin2x+XT+§
3. D2y+Dy—2y=2(1+x—x2) AnS:y =ce* +ce +x°

Problem-06: Solve D?y—Dy -2y =¢*.

Solution: Given that,

The auxiliary equation of (2) is,
m%™ —me™ —2e™ =0
=e™ (M’ -m-2)=0
=m’-m-2=0 ; sincee™ =0
=>m-2m+m-2=0
=m(m-2)+(m-2)=0
= (m-2)(m+1)=0
. m=-12

The complementary function of (1) is,

19
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—X 2X
Y. =Ce " +C,e

The particular integral of (1) is,

1
Yo =553 (%)

Therefore, the general solution of equation (1) is,

y=Y.+Y,

X

. e
=ce " +C,e% ——
2

where, c,, c,are arbitrary constants.
Problem-07: Solve D?y+4Dy +3y =e™*.
Solution: Given that,
D2y+4Dy+3y:ef3X ......... (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D’y +4Dy+3y =0 .- --- ... (2)
The auxiliary equation of (2) is,
m’e™ +4me™ +3e™ =0
=e™ (m2+4m+3):0
=m’+4m+3=0 ; sincee™ =0
=m’+3m+m+3=0
=m(m+3)+(m+3)=0
= (m+3)(m+1)=0
. m=-1-3

The complementary function of (1) is,

20
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—X -3Xx
Y. =Ce  +C,e

The particular integral of (1) is,

_ 1 -3x
Vo= D2+4D+3(e )

X (s
=2D+4(eg)

_ Xe—3x

1
2

Therefore, the general solution of equation (1) is,

Y=Y, +Y,
_ a1
=ce*+c.e 3X—Exe 3

where, c,, c,are arbitrary constants.

Problem-08: Solve D®y +y=3+e™ +5e*.
Solution: Given that,
Dly+y=3+e"+5e% v un .. (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ +e™ =0
=e™ (m*+1)=0
=m’+1=0 ; sincee™ =0
= (m+1)(m*-m+1)=0
. m+1=0 or, m*-m+1=0

1+V1-4
= m=-1 or, m:T

21
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1+/-3
2

=1i\/37

2
1443

The complementary function of (1) is,

y,=Cce "+ % {cz Cos [% x] +C,Sin (? x]}

The particular integral of (1) is,

1

o o

(3 +e* + 5e2x)

1 1 1 x
“5 i o ) o)

(D7) (3) e K (e )+ 2

3D? 2°+1
—X 2X
=(1—D3+D6_ ......... )(3)+ e 2+5e
3(-1)° 9

_3+lxer 42
3

Therefore, the general solution of equation (1) is,

y=Y.+Y,

=ce” Lot {Cz cos[? x]jtc3 sin(% XJ}+3+%Xe—x +geZX

where, c,, c,, c,are arbitrary constants.
Problem-09: Solve D°y +3D?y+3Dy+y=¢e™.
Solution: Given that,

Dy +3D%*y+3Dy+y=€" s enon (1)
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Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D’y +3D’y+3Dy+y=0

The auxiliary equation of (2) is,

m®e™ +3m?e™ +3me™ +e™ =0

=e™ (m3 +3m?+3m +1) =0
=m’+3m*+3m+1=0 ; sincee™ =0

=(m+1)’=0

om=-1,-1-1

The complementary function of (1) is,
Y = (¢, +C,x+C;x° e

The particular integral of (1) is,

-5

Yo = D7 13D?+3D+1
X i

=3D2+6D+3(e )

2

=6D+6(e_x)

3
:X_e’x
6

Therefore, the general solution of equation (1) is,
Y=Y +Y,

3

X

2 -X -X

= (¢, +ex+ex e +—e

where, c,, c,, c,are arbitrary constants.

Problem-10: Solve2D®y —-3D?y +y =e* +1.

Solution: Given that,

2D’y -3D°y+y=¢"+1

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

23
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The auxiliary equation of (2) is,
2m3e™ —3m%e™ +e™ =0
—e™ (2m3 —3m? +1) -0
=2m*-3m?>+1=0 ; sincee™ =0

=2m*-2m*-m?>+m-m+1=0

=2m*(m-1)-m(m-1)-(m-1)=0

The complementary function of (1) is,

X

Y, =(c +C,x)e" +cpe 2

The particular integral of (1) is,

1

EET R

Yo
SR S P—
6D?-6D 2D%-3D%+1

2

S
:12D—6(e )+

:lxzeX +1
6
Therefore, the general solution of equation (1) is,
Y=Y +Y,

24
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X
=(c,+c,x)e" +ce ? +Ex2ex +1

where, c,, c,, c,are arbitrary constants.

Exercise: Try Yourself
1. D’y-3Dy+2y=e"Ans:y=ce" +c,e” +%e3x
2' Dsy_ Dy = ex +efoﬂSZ y = Cl -}-Czex +C3e—x +§(ex +e—x)

3. D’y+2Dy+2y=2e*Ans:y=(c cosx+c,sinx)e* +2e™

2X
4, D2y+4Dy+4y:e2X+e‘2XAnS:y=(cl+czx)e‘zx+e Jr%xze‘2X

16
Problem-11: Solve Dy +4y =sin3x.
Solution: Given that,

D?y+4y=sin3x «=- (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ +4e™ =0
=e™ (m2 +4):0
=m’+4=0 ; sincee™ =0
=m?—(2i)" =0
=(m+2i)(m-2i)=0
. m=2i,—-2i

The complementary function of (1) is,

Yy, =C, COS2X+C, Sin 2X

The particular integral of (1) is,

y, = m(sin 3x)
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1 .
_m(sm3x)

1 ]
= 3
o2 (sin3x)

:—lsin 3x
5

Therefore, the general solution of equation (1) is,

Y=Y +Y,
. 1.
=, C0S2X+C, sin 2x—gsm 3X

where, c,, c,are arbitrary constants.

Problem-12: Solve D?y—2Dy+5y =10sin .
Solution: Given that,
D?y—2Dy+5y =10sinx =" -+ (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
Dzy—2Dy+5y=O ......... (2)
The auxiliary equation of (2) is,
m’e™ —2me™ +5e™ =0
=e™ (m*-2m+5)=0
=m?-2m+5=0 ; since e™ %0

M= 2+4-4x5

. m=1+2i,1-2i
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The complementary function of (1) is,
Y, =(c, oS 2X+C, sin 2x)e”

The particular integral of (1) is,

1

Yo~ D7 _2D+5

(10sin x)

1 .
= ops MY

1 ]
= 10
4—2D( sinx)

= 2= D)(losin X)
_ (2+D) .
—2{22—_DZ}(103|n X)

(2+D) (
)

:%(ZOsin x+10cos x)

10sin x)

= 25in X + C0S X
Therefore, the general solution of equation (1) is,
Y=Y 1Y,
=(c, oS 2X+C, Sin 2x)e” +25sin X+ CoSs X

where, c,, c,are arbitrary constants.

Problem-13: Solve D?y—8Dy +16y =5co0s3x.
Solution: Given that,

D?*y-8Dy+16y =5c083x " "+ (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D2y —8Dy +16y =0 -+ - (2)

The auxiliary equation of (2) is,
m’e™ —8me™ +16e™ =0
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=e™ (M’ -8m+16)=0
=m’-8m+16=0 ; sincee™ =0
=(m- 4)2 =0
. m=4,4

The complementary function of (1) is,

Y. = (¢, +¢,x)e"
The particular integral of (1) is,

1
- D2-8D+16

;(
-3?-8D+16

Yo (5cos3x)

5c0s3x)

1
=—— (5 3
D( cos3x)

=(7+—8D)2(50053x)

72~ (8D)

_ (7+8D)

_m(5c053x)

1

=———  (35c0s3x—120sin 3x
49—64(—32)( )

= i(35cos 3x—120sin 3x)
625

= i(7 C0s3x — 24sin 3x)
125

Therefore, the general solution of equation (1) is,

Y=Y+,
=(c, +c,x)e™ +i(7 cos 3x — 24sin 3x)
125
where, c,, c,are arbitrary constants.

Problem-14: Solve D’y —3Dy + 4y = cos(3x +5).
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Solution: Given that,

D?y—3Dy+4y =cos(3x+5) ==+ o (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D2y —3Dy+4y =0 (2)

The auxiliary equation of (2) is,
m’e™ —3me™ +4e™ =0

=e™ (m’ —3m+4):0

=m?>-3m+4=0 ; sincee™ =0

3+.9-16

2

3+4-7

2

34T

2

o 3471 3=/

2 2

m

The complementary function of (1) is,

Ye = |:C1 cos (ﬂ X] +¢C,sin (ﬂ xﬂ e?’*2X
2 2

The particular integral of (1) is,

1
yp = m[003(4x + 5)]

1
= m[COS(‘]-X-FS)]

RRTRETS [ cos(4x+5)]

=— 3(41 o) [cos(4x+5)]

(4-D)

=— ———"~[ cos(4x+5)]

3(4°-D?%)
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(4-D)
3{4° (-]

—_ %[400 (43(+5)+4sin(4x+5)]

[cos(4x+5)]

—_ 2—14[co (4% +5)+sin(4x+5) ]|

Therefore, the general solution of equation (1) is,

Y=Y +Y,
3x
- {cl cos[g XJ+C2 sin(@ XH e2 —i[cos(4x+5)+sin (4x+5)]

where, c,, c,are arbitrary constants.

Problem-15: Solve Dy +y =sin 2xsinx..
Solution: Given that,
D?y+y=sin2xsinx ==+ - (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ +e™ =0
=e™ (m*+1)=0
=m’+1=0 ; sincee™ =0
=m’-i*=0
= (m+i)(m-i)=0
om=i,—i
The complementary function of (1) is,
Yy, =C, COS X +C,Sin X

The particular integral of (1) is,

y, = D21+1(sin 2xsinx)
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= ﬁ(%x 2sin 2xsin xj
+

:% D21 1(cos X —c0s3x)
+

1l 1 1
=5 m(cos X)— o7 +1(cos3x)}

= % _%(cos X) —ﬁ(cos 3X)}

207 (cos x)+%cos3x}

2(X—12)

_1 i(—sin x)+1cos3x}
2 8

COoS X +1c033x
(cosx)+ 3

:i(4xsin X +C0s 3X)
16
Therefore, the general solution of equation (1) is,
Y=Y +Y,
: 1 :
=, COS X +C, Sin X+E(4X8In X+ €05 3X)

where, c,, c,are arbitrary constants.

Problem-16: Solve Dy +4y =sin®x.
Solution: Given that,
D2y+4y:sin2x ......... (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m?e™ +4e™ =0

— ™ (m2 +4):0
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=m’+4=0 ; sincee™ =0
=m’—(2i) =0
= (m+2i)(m-2i)=0
T m=2i,-2i
The complementary function of (1) is,
Yy, =C, COS2X +C, Sin 2X

The particular integral of (1) is,

yp = m(Sinz X)

- Dzl 4(%x 2sin? X)
+

%+§(—25in 2X):|

1/1 x .
=—| ———Sin2x
2\4 4 J

1 ;
= =(1-xsin2
8( Xsin 2x)

Therefore, the general solution of equation (1) is,

Y=Y+,
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: 1 :
=, C0S 2X +C, Sin 2x+§(1—xsm 2x)
where, c,, c,are arbitrary constants.
Exercise: Try Yourself

1. D?y+3Dy+2y =cos2x Ans:y=ce ™ +c,e™ +2—10(3sin 2X—C0S 2X)

2. D’y-5Dy+6y=100sin4x ANS:y=ce®™ +c,e? +4cos4x—2sin4x

3. D’y+4y=sin2x Ans: y:cl(3032x+czsin2x—20052x
4. D’y+4y=cos2x Ans: y:c1c052x+c25in2x+§sin2x
5. D*y+y=sinx Ans: y=clcosx+c25inx—§cosx

6. D’y+y=cos’x Ans: yzclcosx+czsinx+%—%coszx

7. D*y-5Dy+6y=sinx+co x AnS: y=ce* +c,e* +%cosx
8. D’y—y=sin(3x+1) ANS: y = ce* +{c2 cos(‘/g%)mssin(\/g%)}e%
+ 1420 {27 cos (3x+1) —sin (3x+1)}
Problem-17: Solve D?y—4Dy -5y = xe™*.
Solution: Given that,
Dzy—4Dy—5y=xe’X ......... (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
Dzy—4Dy—5y:O ......... (2)
The auxiliary equation of (2) is,
m’e™ —4me™ -5=0
=e™ (m*-4m-5)=0
=m’-4m-5=0 ; sincee™ =0
=m’-5m+m-5=0
= m(m-5)+(m-5)=0

= (m+1)(m-5)=0
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~ m=-15
The complementary function of (1) is,
y, =ce ¥ +c,e™

The particular integral of (1) is,

o= 57 4p-5" )

1
:—ge’x(x+3x2)
Therefore, the general solution of equation (1) is,
y=Y.+Y,
—ce ™ +c,e™ —%e‘x (x+3x%)
where, c,, c,are arbitrary constants.
Problem-18: Solve D*y -y =(x+3)e*.

Solution: Given that,
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The auxiliary equation of (2) is,
m’e™ —e™ =0
=e™ (m*-1)=0
=m’-1=0 ; sincee™ =0
= (m+1)(m-1)=0
. m=-11
The complementary function of (1) is,
y. =Ce “+cC,e

The particular integral of (1) is,

1 x
yp :m(x+3)e2

_ A2X
- D2+4D+4—1(X+3)

.1
= orapea Y
2X 1

1
3° 4 1
1+(D+D2j
3 3

Ll 1+EfD+3D2j
3 3

(x+3)

T(Hs)

2
:iezx 1-— £D+1D2 + £D+1D2 ettt e (X+3)
3 i 3 3 3 3

e x+3—(i+oj+0
3 | 3
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1 ZX
9 e ( X+ )

Therefore, the general solution of equation (1) is,

y=Y.+Y,
—-X X 1 2x
=CeT +oe +oe (3x+5)
where, c,, c,are arbitrary constants.

Problem-19: Solve D®y-2Dy +4y =e*cos x.
Solution: Given that,
D3y —2Dy+4y=ge*cosx *** e (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,
D3y—2Dy+4y=0 ......... 2)
The auxiliary equation of (2) is,
m’e™ —2me™ +4e™ =0
=e™ (m*-2m+4)=0
—m*-2m+4=0 ; sincee™ =0
=m’+2m’ -2m*—4m+2m+4=0
=m?(m+2)-2m(m+2)+2(m+2)=0
= (m+2)(m*-2m+2)=0

~m+2=0 or, m*-=2m+2=0

+4/4—
= m=-2 or, m:u
2
_2+-4
2
_2£+4i°
2
_2%2i
2
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=1+i

T m=-21+i,1-i
The complementary function of (1) is,
y, =Ce > +(c,cosx+c,sinx)e”

The particular integral of (1) is,

yp = m(ex cos X)

Y 1

- (D+1)’ -2(D+1)+4

(cosx)

= ——— L (cosx)
D°+3D“+3D+1-2D-2+4

=e’ L (cosx)
D®*+3D*+D+3

—eX;(cosx)
7 3D?+6D+1

=g X (cosx)
 3(-1%)+6D+1

— _iex M(COS X)

2 f1-9(-v))
_ Ly (cosx—3sinx)
20

Therefore, the general solution of equation (1) is,

Y=Y+,

_ . 1 .
=c,e* +(C, cos X +C,sin x)e* —— xe* (cos x—3sin x)
20
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where, c,, c,,c,are arbitrary constants.
Problem-20: Solve D?y—2Dy +2y =e*sinx.
Solution: Given that,

D?y—2Dy+2y =e*sinx == - (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,

D?y—2Dy+2y =e*sinx ==- - (2)
The auxiliary equation of (2) is,

m?e™ —2me™ +2e™ =0

=e™ (M’ -2m+2)=0

=m’-2m+2=0 ; sincee™ =0

M= 2+4-4x2
2

2+4-4
2

2 ++/4i°

=1+i

T om=1+i,1-i
The complementary function of (1) is,
Y, =(c,cosx+c,sinx)e”

The particular integral of (1) is,

y =;(exsinx)

P D?-2D+2

=e’ ; : (sinx)
(D+1)" -2(D+1)+2

=e* ! (sinx)

D?+2D+1-2D-2+2
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=" (sinx)

D? +1

X (sinx)

= —
2D

D (sinx)

=e D2

X

=e

(sinx)

xD
2(-1%)
= —% xe* (cos x)

Therefore, the general solution of equation (1) is,

Y=Y+,
=(c,cosx+c,sinx)e’ —%xeX (cosx)

where, c,, c,are arbitrary constants.
Problem-21: Solve D?y+3Dy +2y =e*sinx.
Solution: Given that,

D?y+3Dy+2y=e>sinx === - (1)
Let, y=e™ be the trial solution of the corresponding homogeneous equation,

D2y+3Dy+2y=O ......... (2)
The auxiliary equation of (2) is,

m’e™ +3me™ +2e™ =0

=e™ (m*+3m+2)=0

=m +3m+2=0 ; sincee™ =0

=Sm+2m+m+2=0

= m(m+2)+(m+2)=0

= (m+1)(m+2)=0

T m=-1-2
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The complementary function of (1) is,
y, =ce* +c,e”™

The particular integral of (1) is,

1

“brrapaz® )

Yo
2x 1

—e
(D+2)2+3(D+2)+2

(sinx)

2x 1 .
= — (sinx)
D°+4D+4+3D+6+2

=e ;(sin X)
D?+7D+12

=e ;(sin X)
~-1?+7D+12

L1
=& 1 7p )

—e2XM sin x
B (11)2—(7D)2( )

. (11-7D)
¢ a1

_ a2x (11_7D) ;
—e m(smx)

= i(1ls.in X —7cosx)e”
170

Therefore, the general solution of equation (1) is,

Y=Y.tY,

—X —2x 1 : 2x
=ce+c,e” +—(11sinx—7cosx)e
170

where, c,, c,are arbitrary constants.

Problem-22: Solve D*y-2Dy +y = xsinx.
Solution: Given that,
D?y—2Dy+y=xsinx -+ (1)
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Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ —2me™ +e™ =0
=e™ (m*-2m+1)=0
=m’-2m+1=0 ; sincee™ =0
=(m-1)"=0
. m=11

The complementary function of (1) is,

Y. =(c,+C,x)e"
The particular integral of (1) is,

Yo xsin x)

= 57201

= Imaginary Part of | ————( xe*
ginery Part o | 55— (")

=1.P.of | e 1

(D+i)2—2(D+i)+1(X)]

=1.P.of | e 1 }

D?+2Di—-1-2D-2i +1(X)

C 1
=1.P.of |e"
o® D2+2Di—2D—2i(X)}

g™ 1

_E{l—zl_(D2+2Di—2D)}(X)

=1.P.of

= I.P. of |e:2 {1—i_(D2 +2Di —2D)}1(x)}

2

=1.P. of

(o020} (o 20120 0]
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—1p.of | & {x+i_(2i —2)}
2 |72

=|.P. of

i . )

—1P.of | L 1

0 _2(cosx+|smx){(x+ )+|}}

=1.P.o f%{(x+1)cosx+icosx+i(x+1)sinx—sinx}
=1.P. of %{i(x+1)cosx—cosx—(x+1)sinx—isinx}

:%{(x+1)cosx—sin X}

Therefore, the general solution of equation (1) is,
Y=Y 1Y,
=(c, +c,x)e +%{(x +1)cos x—sin x}

where, c,, c,are arbitrary constants.

Problem-23: Solve D?y+ Dy = xcos .
Solution: Given that,
D2y+Dy=XCOSX ......... (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’*e™ +me™ =0
=e™ (m*+m)=0
=m’+m=0 ; sincee™ =0
=m(m+1)=0

. m=0,-1
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The complementary function of (1) is,
y.=C +Ce "

The particular integral of (1) is,

y :#(xcosx)
P D?+D

1 ix
=Real Part of [D2+D(Xe )}

o
R (D+i)2+(D+i)(X)}

- .
=R.P.of | e”
° _e D2+2iD+i2+(D+i)(X)

=R.P.of | e" ——— ! ~(x)
| D°+2iID-1+D+i

- .
=R.P.of S +(2i+1)D+(i—1)(X)

=R.P.of | ——¢*

|

=R.P.of | —
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=R.P. of

(cos x+isin x){ix—x—2i —1}}

| -1+1-2i

—R.P.of :—%(cosxﬂsin x){i(x—z)—(x+1)}}

=R.P.0 B{i(x—2)cosx—(x+1)cosx—(x—2)sinx—i(x+1)sin x}}

:%{—(x—z)cosx+(x+1)sin x}

:%{(Z—X)cosx+(x+1)sin X}
Therefore, the general solution of equation (1) is,
Y=Y +Y,
= +Ce” +%{(2— X)€0s X + (X +1)sin x|

where, c,, c,are arbitrary constants.

Problem-24: Solve D*y -y = xsin x.
Solution: Given that,
D4y_y:XSInX ......... (l)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,

4 . mx

m’e™ —e™ =0

=e™ (m*-1)=0
=m*-1=0 ; sincee™ =0
= (m?-1)(m*+1)=0

= (m+1)(m-1)(m*-i*)=0

= (m+1)(m-1)(m+i)(m-i)=0

44



Mohiuddin

~ m=-11i,-Ii
The complementary function of (1) is,
y, =Ce " +C,e" +C,COSX+C,Sin X

The particular integral of (1) is,

1 .
Y, :m(xsm X)

. 1 ix
= Imaginary Part of {D“ 1(xe )}

=1.P.of _eixf(x)}

=1.P. of

[sin ce,(a+ b)“ —a"+"ca"b+"c,a" i+

=1.P.of |e" 1

X
D* +4D% +6D%* +4Di° +i* —1( )}

1

D*+4D% -6D’ -4Di +1—1(X)}

=1.P.of | e” X
i D4+4D3i—6D2—4Di( )}
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- ) _
=1.P. of i(cosx+isin x)(%+ﬂj

2 S\ ]
=1.P.of %(icosx—sinx)[x?+%j

[1(.x2 3x NG 3xi .
=1|.P.of | =| i—C0SX——C0SX——Sin X——sin x
4\ 2 2 2 2

1( x? 3X .
==| Z-cos x——=sin x
4\ 2 2

Therefore, the general solution of equation (1) is,

Y=Y.tY,
N . . 1( x? 3x .
=Ce T+ + Gy COSXHC, SN X+ 7| —-cosX——sinX

where, c,, c,are arbitrary constants.

Problem-25: Solve D?y—y = x?cos x.
Solution: Given that,
Dzy_y:XZCOSX ......... (l)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ —e™ =0
=e™ (m*-1)=0
= (m+1)(m-1)=0 ; sincee™ =0
. m=1-1
The complementary function of (1) is,
y, =Ce"+ce”

The particular integral of (1) is,
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Y, = ﬁ(x2 cos x)

1 ix ]
—Real Part of{D2 1(xze )_

ix 1
=R.P.of |e (D+i)2—1(X2)

- .
=R.P.of | " x?
D2+2iD+i2—1( )}

I ix 1
=R.P.of |e D2+2iD—1—1(X2)}

[ ix 1
=R.P.of |e m(xz)}

=R. P. of —le“

=R. P. of —%eix {1—(%D2+iDJ}1(x2)}
=R. P.of —%e‘x{1+(%D2+iDj+(%D2+iDj2+ ...... }(Xz)}

=R. P. of _—%e‘x {x2 +(1+ 2ix)—2}}
=R.P.of :—%(cosxﬂsin x){x2 +1+ 2ix—2}}
=R.P. of :—%(cosxﬂsin x){(XZ _1)+2ix}}

=R. P. of —%{(x2 —1)cosx+2ixcosx+i(x2 —l)sin X —2Xsin x}}

=%{2xsin x—(x* -1)cos x}

= Xsin x—%(x2 —1)cosx
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Therefore, the general solution of equation (1) is,

Y=Y¥.+Y,
X —X H 1 2
= e +c,e” +xsin X_E(X ~1)cos x
where, c,, c,are arbitrary constants.

Problem-26: Solve D’y -y = xe*sinx.
Solution: Given that,
D2y—yzxexsinx ......... (1)

Let, y=e™ be the trial solution of the corresponding homogeneous equation,

The auxiliary equation of (2) is,
m’e™ —e™ =0
=e™ (m*-1)=0
= (m+1)(m-1)=0 ; sincee™ =0
. m=1-1
The complementary function of (1) is,
y,=Ce"+ce”

The particular integral of (1) is,

Yy =5 _1(x2ex sin x)

yp =€ m(xz sin X)

. 1 .
—e m(xz sin x)

1 .
=€ m(xz Sin X)

) 1 .
= Imaginary Part of | e* x%e™
ginary [ D?+2D ( )}
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. P. of | e*e™

.P.of | e

. P. of

. P. of

. P. of

|

.P.o

. P.of

. P.of

. P.of

P. of

(2+i)x

1
(D+i)2+2

(D+i)(xz)}

1
D?+2Di+i?+2D+2i

()]

1 2
D*+2(1+i)D-1+2i (X )}

1 1

X 41X

(2i-1)

(1+i)D} (Xz)}

-1

e'e”|1+{D*+2(1+i)D}] (xz)}

1+{D2+2

5

(2i5+1) el [1—{D2 +2(1+i) D} +{

(2i+1) e*(co ss+isin x)[x2 —{2+4(1+i)x} +8(1+ i)zﬂ

(2i+1) e*(cosx+isin x){x2 —2—4x—4ix+16i}}

e" (cos x-+isinx){(x* —4x—2)—4i(x—4)|

(2i+1)

(cosx+isin x){(x2 —4x—2)—4i(x—4)}

(2i+1) o

=1.P.o [—gm%l)ex{(xz —4x-2)cosx—4i(x-4)cos x+i(x" —4x—2)sinx+4(x4)sin x}}

=1.P.o {—X‘Zi%l)ex {(* ~4x—-2)cos x—4i (x~4)cos x+i(x’ ~4x-2)sin x+4(x~4)sin x}]

(2i+1)
5

*{2(X" ~4x~2)cosx—4i (x-4)cosx-+i(X’ ~4x~2)sin x-+4(x~4)sinx|

Therefore, the general solution of equation (1) is,

y=Y.+Y,
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X -X H l 2
=Ce" +¢C,e +xsmx—§(x —1)cosx

where, c,, c,are arbitrary constants.

Exercise: Try Yourself

1. D*y+4y=xsinxANns:y =c, cos2x+c,sin 2x+%(3xsin X—2C0SX)

Linear Differential Equations with variables

Coefficients
An equation of the form
. dn o dnfl
X dx¥+F1:'LX ldxn_)l/_i_........._}_Pny:Q ......... (1)
where, P, P, - - P are constants and Qis function of x or constant, is called

the linear differential equation with variables coefficients.

NOTE: If we put x=¢' or,t=Inx, then the equation (1) is transformed into an
equation with constant coefficients changing the independent variable from x to
t as,
a_1
dx X
dy _dy dt
dx  dt dx
dy _1dy
dx xdt

Now

Y

dx dt

dy . d
Xx—=—=Dy ;taking D=—
i 9P 4

Again, d’y i(d—yj

a2 dx L dx
2
_ dy :i(lﬂj
dx* dx\ x dt
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2
:MZ 1dy 1d(dyj
dx? x*dt xdx\d

2 2
:>dy_ 1dy 1d°y dt

-2 = + .
dx? x? dt  x dt® dx

T Xd X dt?
dy__1dy 1dy
dx? x? dt  x? dt?

2 d’y dzy_d_‘

dx? dt? dt

d’y . d
x*—2=D(D-1 ;taking D =—
=X ~P(D-1)y 9

.. d’y
Similarly, XSW: D(D-1)(D-2)y

From (1) we get,

[{D(D 1)(D=2)weve e (D-n+1)}+P,{D(D-1)(D—-2)-- - - (D-n+2)}

The equation (2) is a linear differential equation with constant coefficients.

Problem-01: Solve x2M+9xd—y+ 25y =0

dx? dx

2
Solution: Given that, de—Z+9xcdl—y+25y:O --------- )]
X X

Putting x=e' and D :%in equation (1) we get,

D(D-1)y+9Dy+25y=0
= D’y —Dy+9Dy+25y=0

= D’y +8Dy+25y =0------ - (2)
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Let, y=e™ be the trial solution of the equation (2)
Then the auxiliary equation of (2) is,

m’e™ +8me™ +25e™ =0

—em (m2+8m+25):0

=m’>+8m+25=0 : sincee™ =0

o ~8%+/64-100

2

The general solution of (1) is,

y =(c,cos3t+c,sin3t)e™

=[c,cos(3Inx)+c,sin(3Inx) ] x™*
= %[cl cos(3Inx)+c,sin(3Inx) ]|

where, c,, c,are arbitrary constants.

2
Problem-02: Solve x %+ y =3x°

X2

2
Solution: Given that, x° d—y+ VEK) GIRTTRTRRSS )
dx?

Putting x=e¢' and D =%in equation (1) we get,

D(D-1)y+y=3e"
= Dzy_Dy_l,_y::ge2t ......... (2)

Let, y=e™ be the trial solution of the corresponding homogeneous equation
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Then the auxiliary equation of (3) is,
mzemt _ memt +emt — 0

—e™ (m2 —m+1):0

=m’-m+1=0 : sincee™ %0

The complementary function of (1) is,

Y, = {cl cos (ﬁtJ +¢, sin (ﬁtﬂ %
2 2
= {cl cos [ﬁln XJ +C, Sin (ﬁln xj] e'”X%
2 2

- \/Q{cl cos[? In x]+ c,sin (?In XH
The particular integral of (1) is,

1
V=55 %)

1
“7 2>

— eZt

= X2
Therefore the general solution is,

Yy=Y¥.+Y,
:ﬁ{cl cos(@ln x]+czsin[§ln xﬂ+x2
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where, c,, c,are arbitrary constants.

2
Problem-03: Solve XZ%—ZXQ—4y: x*

X dx
2
Solution: Given that, x dy —2xd—y—4y =X e @)
dx? dx

Putting x=e¢' and D =%in equation (1) we get,

D(D-1)y—-2Dy-4y=e*
— Dzy_gDy_4y —e*. (2)

Let, y=e™ be the trial solution of the corresponding homogeneous equation

Then the auxiliary equation of (3) is,
m’e™ —3me™ —4e™ =0
=e™ (m*-3m-4)=0
=m’-3m-4=0 ; sincee™ =0
=m’-4m+m-4=0
=(m-4)+(m-4)=0
= (m+1)(m-4)=0
. m=-114

The complementary function of (1) is,

—t 4t
Y. =Ce T +c,e

=X +C,x*

c
=2 +c,x*
X

The particular integral of (1) is,

1
Vo= gp-a ")

t
=2D—3(e4t)
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t
“7a3")
t
==(e")

:lx“lnx
5

Therefore the general solution is,

Y=Y 1Y,
c 1
=24 xt+=x'Inx
X

where, c,, c,are arbitrary constants.

2
Problem-04: Solve x? ((jj y —3xﬂ+4y =2x°

x? dx
2
Solution: Given that, x d ¥—3x%+4y = 2% )
X

Putting x=e¢' and D =%in equation (1) we get,

D(D-1)y—-3Dy+4y =2e"
= D’y —4Dy+4y=2e" - ... ... (2)
Let, y=e™ be the trial solution of the corresponding homogeneous equation
D2y—4Dy+4y:O ......... (3)
Then the auxiliary equation of (3) is,
m’e™ —4me™ +4e™ =0
=e™ (m*—4m+4)=0
=m’—4m+4=0 ; sincee™ =0
=(m-2)"=0
" m=22
The complementary function of (1) is,
y. =(c,+c,t)e”
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=x*(c,+¢,Inx)

The particular integral of (1) is,

1
Vo= 5rapsal )

t
252"

=§(ze2t)

— t2e2t

=(In x)2 x?
Therefore the general solution is,
Y=Y 1Y,
=x?(¢,+¢, Inx)+(Inx)* x?

where, c,, c,are arbitrary constants.

2
Problem-05: Solve x d’y —xg—y—3y =x*Inx
X

dx?
2
Solution: Given that, xzd—y—xd—y—3y=x2 INXeeooee e )
dx*  dx

Putting x=e" and D:%in equation (1) we get,
D(D-1)y-Dy-3y=te”
= DZy_ZDy_\’?,y:teZt ......... (2)

Let, y=e™ be the trial solution of the corresponding homogeneous equation

Then the auxiliary equation of (3) is,
m’e™ —2me™ —3e™ =0

—em (m2 —2m—3):0

=m’-2m-3=0 ; sincee™ %0
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=m?-3m+m-3=0

= m(m-3)+(m-3)=0

= (m+1)(m-3)=0

. m=-13

The complementary function of (1) is,

—t 3t
Y. =Cce " +Ce

=c X+, x°

C
2+, x?
X

The particular integral of (1) is,

Yo

— eZt

1
“57 253

1

(D+2)"-2(D+2)-3

(t)

1

t
D" 4D 420 43

1

—t
D2+2D—3( )

-1
D? 2
1-| —+=D t
D? 2 D 2 Y
1+| —+=D |+|—+=D | +
3 3 3 3
D? 2 D2 2 Y
t+| —+=D |t+|—+=D | t
3 3 3 3
t+ 0+§]+0
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et 2
=—=|t+Z
)
xz( 2]
=X lx+2
3 3

Therefore the general solution is,

Y=Y +Y,
2
=&+czx3 —X—(In x+g)
X 3 3
where, c,, c,are arbitrary constants.

2
Problem-06: Solve x? d y+4xd—y+2y: X +sin x

dx? dx
2
Solution: Given that, x° d ¥+4X%+2y=x+sinx ......... )
X X

Putting x=e' and D :%in equation (1) we get,

D(D-1)y+4Dy+2y=¢' +sine'

= D’y +3Dy+2y =g"+sine'------ .o (2)
Let, y=e™be the trial solution of the corresponding homogeneous equation
D?y+3Dy+2y =0 - - (3)
Then the auxiliary equation of (3) is,

m?e™ +3me™ +2e™ =0

=e™ (m2 +3m+2) =0

=m +3m+2=0 ; sincee™ =0

=m’+2m+m+2=0

=>m(m+2)+(m+2)=0

= (m+1)(m+2)=0

. m=-1-2

The complementary function of (1) is,
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y, =ce " +c,e™
=C X+ CX 7
C2

+ =
X

> |0

The particular integral of (1) is,

1

:m(et +sin et)

Yo

1
D2+3D+2(6t)Jr D2+3D+2(

= sinet)

1 t
12+3.1+2(e )+(D+2)(D+1)(

sin et)

€l (ne)
6 (D+2)(D+1)
1 .

Now Iet, (D—+1)(S|net)zu
= (D+1)u=sine'

du .
= —+Uu=SIne
which is linear equation

Therefore, I.F =el® = ¢

du .
e d—+e‘u =e'sine'

or, i(etu) —e'sine!
dt
Integrating,

e'u = je‘ sine'dt

=—cose'
. u=-e"'cose'
) ) 1
A n -_— ¢ = = — -t ! =
gali ,(D+2)(D+1)(sme) (D+2)u (D+2)( e'cose')=v (say)
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1

) (D+2)

or, (D+2)v=—e"cose'

(—e’t cose' ) =v

or, ﬁ+ 2v=—e"'cose
dt
which is also a linear equation
Therefore, I.F =/ —¢2
-e” % +2ve? = —¢'cose'

or, %(vez‘) =—e' cose'

Integrating,
ve? = —Ie‘ cose'dt
=—sine'

1.
V=—TS|ne
e

_ 1 sin X
XZ

Therefore the general solution is,

Y=Y+,
c, ¢ 1 .
=—=+—2-—sinx
X XxX* X

where, c,, c,are arbitrary constants.

2
Problem-07: Solve x* Z’+4xd—y+2y=ex
dx dx

2

Solution: Given that, xzd—2’+4x%+ 2y =@iie e
X X

Putting x=e' and D :%in equation (1) we get,
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D(D-1)y+4Dy+2y=¢
— D%y +3Dy+2y =€ +reee ot (2)
Let, y=e™ be the trial solution of the corresponding homogeneous equation
D’y +3Dy+2y=0---- - (3)
Then the auxiliary equation of (3) is,
m’e™ +3me™ +2e™ =0
=e™ (m2 +3m+2) =0
=m +3m+2=0 ; sincee™ =0
=m’+2m+m+2=0
=>m(m+2)+(m+2)=0
= (m+1)(m+2)=0
. m=-1-2

The complementary function of (1) is,

The particular integral of (1) is,
1 o
Yo = D2+3D+2(e )

1 o
CEVCEE

{ﬁ_Diz}(eel)

1 0 1 /.
:D+1(e )_D+2(e )
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or, (D+1)u= (ee’)

du o
or, —+u=e
dt

which is linear equation
Therefore, 1F =el* — ¢
e' d—u+e‘u —e'e®
dt

t

or, i(etu):et.ee

dt
Integrating,
elu= je‘.eeldt rase =z
=g’
—e
= eX
u=e".e"
=xte
_&
X
Again, L (ee‘ ) =v (say)
(D+2)

or, (D+2)v=¢°

dv K
or, —+2v=e
dt

which is also a linear equation

Therefore, I.F =/ g2

dv ;
coet Ty ovet =¥ et
dt

or, %(ve2t ) —e”e®
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Integrating,
ve? = jez‘.eel dt
= J'e‘.e‘.eetd
=_[zezdz ase' =z

Z z

=17e" —¢

:xz(xeX ex)
e’ e
X X
e (e* g
PI:——[———Z
X X X
eX
Y

Therefore the general solution is,

Y=Y tY,
c ¢C, e
:_1+_2+_2
X X X

where, c,, c,are arbitrary constants.

Exercise: Try Yourself:

2
01: Solve xz(; ¥+2x%—2y:0 Ans:y=cX " +C,X*
X X
2
02: Solve x2%+ x%—9y:0 Ans:y=c x> +C,x"°
X X
d’y dy L, 1
03: Solve x> —=+5x—=+4y=x"* Ans:y=(c +¢,Inx)x? +—x*
axt x| y=(6+e,Inx) 36
2
04: Solve x* ¢ Z—X%erzzmx Ans:y=(c +c,Inx)x+2Inx
X X
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