CHAPTER 1
VECTOR ANALYSIS

1.0 Objective: To learn mathematical as well as graphical presentation of a vector and its unit vector.

1.1 Unit Vector: A vector ‘A’ is represented by its magnitude|A| = A and a unit vector a, indicating

. A .
the direction of A along A. Hence, ap = Al and |aa| = 1. Thus A may be written as A = Aa,.

Figure: 1(a) Graphical representation of vector A

Vector A=Axax+Ayay+Aza;
AAAa, Ap2= AC+A?
Magnitude A=V (Ap2 +A7)

Magnitude A=V (A2+A,2+A,?)

(b)

Figure 1 (b): Unit vectors aX, ay and aZ Figure 1 (c): Components of A along aX, ay and aZ

Problem: 1.1

Find the unit vector of A=5ax-2ay+a:

Solution:
|A|=\/(Ax2+Ay2+A22)
= \(52+22+1%)= 30=5.48

A _ 5ax—2ay+az

Al - T = 0.912ax- 0.365a,+0.1825a;

aa=



1.2 Location of a point in space in different coordinates
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Figure: 1(d) P(x, y, z) in Rectangular form Figure: 1(e) P (p, ¢, z) in Cylindrical form
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Figure: 1(f) P (r, 8, @) in Spherical form

1.3.1 Coordinate conversion from Cartesian (X, y, z) to Cylindrical (p, ¢, z) and vice versa
Z
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®P(x,y,z)=P(p, P, z)
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//, = .V
900 2 & //,/,x = p cos ¢
T Ty =psine
Y = sing X =cosg
p p

Figure: 2 (a) Coordinate conversion from Cartesian to Cylindrical and vice versa.



Cartesian to Cylindrical- Cylindrical to Cartesian-

p=x2+y2 (p=0) X=pcos ¢

=Y
tan @ = .
g0=tan_1¥ y=psing
z=12 z=12

1.3 .2 Coordinate conversion from Cartesian (X, Y, z), to Spherical (1, ¢, 8) and vice versa

sinf = 2 z
r lr
_z 2— 2442
COSQ—; p=rsin @ po= Xty
P(x,}'~z)=P(r» 9! ¢)=P(P~ ¢#z)
z=rcos 6
5
¢ Z
N
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3 14 X=pcos ¢
/ y=psin ¢
X
Figure: 2(b) Conversion of (x,y, z) to (r, 8, @) vice versa

Cartesian to Spherical- Spherical to Cartesian-
X =P COS @

r=\p2+z2=Jx2+y2+z2 (r=0) X =1 siné cos @
y=psin @

Q= tan‘li y =71 sinf sin ¢

tan§ =2

[ 52 2
0 = tan~! XT” = cos‘lf (0° <6 <180° Z=7cosf

Vector presented in different coordinate system

A =AsaxtAyay+Asa; (Rectangular)
= ApaptAgae+ Aza; (Cylindrical)

= ArartAgaes + Apag (Spherical)



Problem-1.2:
If P (3,4,5). Evaluate P (p, ¢,z) and P (1,0, 9, ).

Figure: 3

Solution:
Given, x=3, y=4, & z=5
For Cylindrical Co-ordinate,

p=+/x%+y2 =32 +42 =5
tang =% ¢ =tan"1Z=53.13" Andz=5
. P (p,¢,2) =P (5 53.13°, 5)

For Spherical Co-ordinate,

r=\x2+y?+22=\32 +42 +52 =707,
Cosf =2

T
1 5
@ = cos 1 —=— =459
7.07

tang = 2 -1

x 1

@ = tan

W

And ¢ = 53.13°

~ P(r,6,¢) =P (7.07, 45°, 53.13°)



Problem 1.3: The position of a point P(8, 120°, 330°) specify its location in terms of (a) Rectangular
and (b) Cylindrical coordinate (c) Position vector OP for each case (vector going from origin to P).

Given, r=8,0 = 120°and ¢ = 330°.

(a) find the location of P (x,y,2)
X =rsinf cos@=8sin(120°)cos(330°) =6 ;
y = rsin(6)sin(¢p) = 8sin(120°)sin(330°)= - 23 and
z =rcosf =8 cos(120°)=- 4
Hence location of P (x,y,z) = (6, -2V3, -4)

(b) Find the location of P(p, ¢, z)
p=rsinf = 8sin(120°) = 6.92,

¢ = 330° and

Z =rcos6 = 8cos (120°) =-4
Hence P (p, ¢, z) = P (6.92, 330°, -4)

(© z

P(r,6,0p)
Figure: 4

OP= xax + yay+za;,

= Bax -2V3ay -4a, (Rectangular)
OP= papt Za;

= 6.92a, — 4a, (Cylindrical)
OP=rar

= 8ar (Spherical)



1.0 (2) Objective: To learn vector summation subtraction and product.

A
(a) Two vectors, A and B. (b) Parallelogram rule. (¢) Head-to-tail rule.

Figure 5(a): Vector addition
Vector addition, C=A+B

Problem 1.4: Show the equation of (a) Addition of the following two vectors and the Subtraction of
two vectors

A= 2a, — 0a, + a, and B=0a, + 2a, — 4a,

Solution:
1.4 (a) Vector Addition C, = A+B = (2a, — Oa,, + a,) + (0a, + 2a, — 4a,)

=2ay + 2ay, — 3a,
1.4(b) Vector Subtraction C; = A — B = (2a, — O0a,, + a,) - (0a, + 2a, — 4a,)
=(2ay — 0ay + a, - 0a, —2a, + 4a,)

= 2ay — 2ay + 5a,

A-B>
..--"---.-‘-

Figure 5(b): Vector subtraction

Dot product and cross product _
AX B = ABsinfan

A.B = ABcos 6 — AB sin0° =0

= ABcos0° =AB(1) _ ABssilnngoo; AB (1)
=ABc0s90°=0

a,a, =cos0®°=1 a, X a, =sin0° =0

a,. a, = cos90° =0 a, X a, = sin90°a, = a,

a,a,=0 a,xa, =a,

ay.a,=1 a,xa,=0

ay.a,=0 ay, Xa, = a,

a,a,=1 a, xa, =0

1.4(c) Dot product of vectors A.B = ABcosB =AxBx + AyBy + AzBz (Rectangular)



A= Axa, + Aya, + Aza, and B = Bxb, + Byb, + Bzb,
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B cos 04p

Figure 5(c): Dot product of Aand B

Cs=AB=(2a, +a,). (2a, — 4a,)
= (2ay.2ay + a,. 2a, + 2a,. (—4a,) + a,. (—4a,) )
=4 (0) + 2(0) + 8(0) - 4(2)
=0-4=-4
A= Axa, + Aya, + Aza, and B = Bxb, + Byb,, + Bzb,
A.B = AxBx + AyBy + AzBz

2 -0 1
0 2 -4
=[(=0)(=4) — (D@2)] ax — [ (=4) — (D(O)]ay + [(2)(2) = (0)(=0)]a,

= —2a, — 8ay +4a,

a, a, a,
1.4(d) Cross product C4s=AX B = ]

a, a, a,
Ax Ay Az
Bx By Bz

AX B = =(Ay Bz — Az By)a, — (Ax Bz — AzBx) a,* (Ax By — Ay Bx) a,

[

Figure 5(d): Cross product of A and B, (AxB =ABsinBa,,)

Problem -1.5:



Write the vector equation of line (P1P2) joining point P1 (1, 3, 2) and point P2 (3,-2, 4). What is the
length of the Line?

ZT

P(3,-2,4)

Pl{l!312}

\

1
!

Figure: 6

From figure 6
PiP2= OP,- OP1

= [(3-0) ax +('2'O)ay+(4-0)az] — [(1-0)ax+(3'0)ay+(2-0)az)]
= 2ax— Say+ 2a;

Length of line:
PP, = |P1P2]|
=V [(2)+ (-5 + (2)7]
=\33

1.0(3) Objective: To learn mathematical and graphical presentation of differential volume, surface,
and length in different coordinate system.



1.5 Rectangular co-ordinate system:

A differential volume element in the rectangular coordinate system is developed by incremental
differential changes dx, dy, and dz along the unit vectors ay, a, and a,, respectively, as illustrated in
following Figure 7.
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a, A
B
_tdx' 4
(irr i —dy— 7
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— )’/ —
a.‘ a.l
a) Differential volume b) Exploded view

Figure: 7 Differential elements in rectangular coordinate

The volume is enclosed by six differential surfaces. Each surface is defined by a unit vector normal to
that surface. The following equations of differential lengths surfaces are:

The differential surfaces: The differential lengths:
dsfront = dyay, X dza, = dydz a, dly = dxa,
dSpack = dydz (—ay) dl, = dya,
dsright = dxay X dza, = dx dz a, dl, = dza,

dsiert = dx dz (—ay)
dstop = dxay X dya, =dxdy a,
dSbottom = dXx dy (—ay,)

The general equation of differential length:
dl = dlxa, + dlya, + dlza,

The equation of differential volume is:

dv = ds.dl = dst.dlx

= dydzax.dxax

dv = dxdydz



Problem-1.6:

A rectangular box having length, width and height are 4,3,2 meters. Evaluate the volume, top and back
surfaces and diagonal of the volume.

Solution: z

Figure: 8
Given x=4, y=3, and z=2

The Equation of differential volume dv= dxdydz
2 3 4
f dv = f f f dxdy dz
0 0 0
v= [x]g [yI5[z]5
v= [4-0][3-0][2-0] = 24m?3
The equation of differential top surface dstwp = dx dy a,
J, dswp =f, [y dxdva,
Swp = [x[5[¥]3a,
Stop = [4-0][3-0]a, =12a,m?
dSpack = dydz (—ay)
J dsvack = [ dydz(-a,)
Sback = — foz f03 dydz a,
svack= — [y15[2]5 ax = —6 a,m?
The diagonal length of the differential volume:

1= Ixax + Iyay + Izaz =>dl = dlxax + dlyay + dlzaz
4 3 2
Jdl= [ dxa, + [ dyay + [, dza,

| = [xa,]& +[yay]z + [za,]§

| = 4a, + 3ay + 2a,



1.6 Cylindrical co-ordinate system:

The differential volume elements:

3
a,
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a:
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¢ a) Differential volume b) Exploded view

Figure 9: Differential volume elements

The differential surfaces: The equation of differential lengths:

dSfront = pd(paq, X dza,

dl, = dpa,
dssice = dpa,, X dza, dlz = dza,
=dpdz a,
dStop = dpap Xpd([)aq,
= pdpde a,
The differential length in Cylindrical coordinates:
1=1,aptipae +Iza; =>» dl = dlpap+dipae +dl;a;

dl = dpa, + pdea,, + dza,
The differential volume:
dv= dst.dlp
= pdedz a,.dpa,

dv = pdpdedz



Problem-1.7;

The height of a Cylinder is h, and its radius is r. Evaluate the volume and the side surface of the
cylinder.

Solution:
The equation of the differential volume dv=p dp d¢ dz

The volume, [ dv= [ [’ fohpdp de dz

v =_r?(2mh

v=1r2h
The equation of the differential side surface dss= pdedza,
The side surface,
2 h
, Sﬁdss:fo & fo pdedza,
ss= r(2m)hap

ss= 2mrhap



1.7 Spherical co-ordinate system:

The differential volume elements:

pdo =r sin 6 d¢

P dr\ rd@
’ 1
8 fr 6 d%
)
¢ do
¢
Figure: 10(a) Point P and unit vectors in Figure: 10(b) differential elements in the spherical
Spherical coordinates coordinate system

(a) (b) ©

Figure :11(c) Differential normal areas in spherical coordinates

The differential surfaces
dsfront = (rd©)ag X (rSin©de)a,, = r’Sin6dOdea,
dsside = (dr)a, X (rd©) ag = rdrdOa,,
dsiop = 1SinOdoa,, X dra,= rSinOdrdeag
The differential length
1=lrar+t lodo + lpa, =» dl=dlrart dleae + dipa,

dl=dra, + rdOag + r Sin® doa,



The differential volume

dV = deront . drar
=r2Sin©dedOa, . dra,

dv = r’Sin@drdode

Problem-1.8:

The radius is 5m of a sphere. Evaluate the volume and surface of the sphere.
Solution:

The differential volume dv = r’Sin©drdOdeo

2m T 5
f dVZ.f f frz sinB dr d6 de
o 0 o0

v :[g]i [—cosB]F [@]§™

V= §53(2)(2n)

V= §n53 =523.599 m3

The differential surface dsfront = r2Sin©doa,

Surface, [ ds = [,

f;T r?sin0 d6 do a,
— 2 T 2T
s =ry“[—cosb]g @5 a,

s =r,%[—(cosm — cos0)][2m — 0]a,

s =4mr;%a, (Ans)



1.8 Dot and cross product of unit vectors:

a,.a, = cos0° =
ay.a, = cos90° =

a.a,=0 ay Xa; = ay
ay.ay; =1 ay Xay, =0
ay.a, =0 ay X a; = ay
a.a;, =1 a, xa, =0

1.9 (a) Dot products of unit vectors (Cartesian and Cylindrical)

a, X a, = sin0°
ay X ay = sin90°%, = a,

a, a, a,
ay. COS® -sing 0
ay. sing Cos@ 0
a,. 0 0 1

ay = cos@ a, — sing a, + Oa,
a, = sing a, + cos@ a, + Oa,
a, = 0a,+ 0a, + 1a,

HINEE

a, =cos@ ay +sinpay,+ 0a,

cos —sing 0
sinp cosqp O
0 1

a, = —singp ay + cospay, +0a,
a, = 0a,+ Oay,+la,
cosq sing 0][ax
a(p = —smq) cosg 0|3y
0 1113z
ax. Ap=- sin (]
a.a, =0
ax .ap= COS® O+
ay.ap=sine

ay.a, = COSQ

ay.a, =0
a,.a,=0
a,a,=0

a.a, =1

= |A||B]|cos6
ay.a,= (1)(1)cose = cose
ay.a,= (1)(1)cos(90 — @) =sing
ay.ay= (1)(1)cos(90 + @) = —sing
ay.a,= (1)(1)cos(p) = cosg
ay.a,=ay.a,=
a,.a,=a,.a, =(1)(1)cos(90°) =0
a,.a; =(1)(1)cos(0°) =1

e,




Problem: 1.9(a)
Convert the vector F=xya, — 2xa, into the Cylindrical Coordinate system

Ay cosqp sing 07|Ax Fo cosq sing Off xy
Ay|=|-sing cosp Of|Ay|=> [Fy|=|-sing cosp 0 [—ZXl
A, 0 0 1A, F, 0 0 1t o

F, =Xy cos@ — 2xsing
Fy = —xysing — 2xcos¢ ,
F,=0
F=F,a, + Fya, + Fza,
= (xycos@ — 2xsin@)a, — (Xysing + 2xcos@)a,
= (pcos@psin@cose — choscpsin(p)ap — (pcos@sin@sing + 2pcoscpcoscp)aq,
F = pcosgsing(pcosp — 2)a, — pcos@(sin®@ +2cosp)a, (Ans.)

Assignment:

Convert B=ya, + xa, + za, into (a) Cylindrical and (b) Spherical Coordinate system



1.9 (b) Dot products of unit vectors (Cartesian and Spherical)

a, ag ay
ay. sin® cosg C0s0 cos —sing
ay, sin@ sing c0s0 sing CoS @
a,. coso —sin0 0

ay = sin6 cosg a, + cosb cosp ag — sing a,
ay = sinf sing a, + cosb sing ag + cosp a,
a, = cosb a, — sinB ag+0a,

aAx sinB cos¢p  cosB cosgp —sin@][ar
Ay = [ sinBsing cosOsing cos ||3e
a, cosf —sin® 0 Ay

a, = sin6 cos@ ay + sinB sing ay + cosb a,
ag = cosOcos@ ay + cosb sing a, — sinb a,

a, = —sing ay + cos@ ay +0a,
ar sinB cos@ sinBsing  cosO ][ax
lae‘ = [cosecoscp cosO sing —sinG] [ay]
Ay —sineg cos@ 0 a,

ay.a, = sinB cose
ay.ag = cosO cosy

ay.ay = —sing
ay.a, = sinb sing
ay.ag = cosO sing
ay.a, = COSQ
a,.a, = cosO
a,.ag = —sin0
a,.a,=0
A.B = |A]|B|cos *

ay.a,= ay. a,5in6 =(1)(1)cos@sinb = sinBcose

ay.a,= ay.a, sind = (1)(1)cos(90 — @) sin6 = sinbsine
a,.ag= (1)(1)cosqpcosd= cosBcosy

ay.ag = (1)(1)singcosd = cosBsing

ay.a,= (1)(1)cos(90 + @) = —sing

ay.ay= (1)(L)cos(p) = cose

a,.a, = (1)(1)cosB =cosO

a,.ag = (1)(1)cos (90 + 6 )=—sind

aj.a,= (1)(1)cos (90) =0

ay.a,=ay.a,= a,.a,= az.a, = az.a, =(1)(1)cos(90) =0

v




Problem: 1.10(a)

Convert G = == a, into Spherical Coordinate system
y

XZ
A, sinf cos@ sin@sing  cosO 7[Ax Gy sinB cosq@ sinBsing  cosO 1|—
Ag| =|cosbcosgp cosBsing —sinB||Ay[=>|Ge|= [cosecoscp cosB singp —sind
Ay —sing Cos® 0 A, G —sing cos® 0
. XZ . rsinBcos@(rcoso
Gr=sinB cosqp — = sinB cosy - (p.( )
y rsinBsing
_ XZ __ rsinBcos@(rcosH)
Gg= cosOcos@ vy cosBcosy TSINBsing
_ .. xz_ . rsinBcos@(rcos0)
Gy= —sing y M T rsinbsing
G = Gra, + Goag + Gya,
. rsinfcos@(rcosd) rsinfcos@(rcos0) . 1sinBcos@(rcos0)
= + —
sinB cosg TSinOsing a, + cosOcos rsinBsing 20 ~ S0 5 6cine ©

=r cosBcos (SinBcotpa, + cosBeotpag — a,) (Ans.)

Alternate Method:
Problem-1.9 (b):
Convert the vector B = ya, — xa,, + za, into cylindrical co-ordinates.

Solution:
The new components are

B, =B-a, =y(ax-a,) —x(a, - ap)

=y cos@ — X sing = p sing cos@ — p cos@ sing = 0
B, =B-a, =y(ay-a,) —x(ay-ay)

= —y sin@ — xcos@ = —psin?@ — pcos?@ = —p

Thus,

B = —pay, +za, (Ans)



Problem-1.10 (b):

Transform the vector field G = (%) a, into spherical components and variables.

Solution:

We find the three spherical components by dotting G with appropriate unit vectors and we change
variables during the procedure:

XZ XZ
Gr=G-ar=7ax-ar=7 sinB cos

. cos?¢
= r sinB cos® —
sing
XZ XZ

Gop = G-ag =—ay-ag = — cosO cose
0 y X 0 y

cos?@

=r cos?0 —
sing

Go,=G-a =¥a ‘a =§(—sincp)
® ¢y N e Ty

= —r cosO cos@

Collecting these results, we have
G = r cosB cos@ (sinb cotp a, + cosO cotp ag —a,)  (ANs)



