CHAPTER-3

Electric Flux Density, Gauss’s Law and Divergence

Electric Flux Density

Electric flux density is electric flux passing through a unit area perpendicular to the direction of the
flux. Electric flux density is a measure of the strength of an electric field generated by a free electric
charge, corresponding to the number of electric lines of force passing through a given area.
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spheres s

A larger positive charge on the inner sphere induced a correspondingly larger negative charge on the
outer sphere, leading to a direct proportionality between the electric flux and the charge on the inner
sphere. If electric flux is denoted by W (psi) and the total charge on the inner sphere by Q, then for
Faraday’s experiment

w=Q
The electric flux ¥ is measured in coulombs.
Considering-
e Inner sphere radius a
e Outer sphere radius b
e With charges Q and —Q respectively.
Then,
Surface area of the sphere, S = 4mnr?
Flux produced per unit area = %
The electric flux density,
D|y—yq = 4:7% (Inner sphere)
Dl|,=p 4nsz - (Outer sphere)

At a radial distance r, where a < r < b,
Q

4mr?

The electric flux density, D=

ar



And the Electric field intensity for a point charge, E= Lar

4TTEQT 2
In free space, therefore, the relationship between electric flux density (D) and electric field
intensity (E),
E = 63 (Free space only)
0

D =¢€,E (free space only)



Mathematical problem-1

Evaluate electric flux density, D in the region about a uniform line charge of 8 nC/m lying along the z-
axis in free space.

Solution:

Given that,
pL=8nC/m=8x10"°C/m

And, p =3m
We know, the field of a line charge,
— _PL
B 2meQgp A
_ 8x107°
T 2X(3.1416)x(8.854x10-12)x3 P
=47.93 a, Vim.
We know,
D = eoE

= (8.854 x 10712) x 47.93

C
=4.24%x 10710 —
m

= 0.424nC/m

If, p, = 8 nC and the total flux leaving a (5-m) length of the line charge then

Given that,
L=5m
and p, =8nC=8x10"°C

We know,
dQ = p,d;
=>Q=(8x10"%) x5
~Q=40nC



Gauss’s Law

The electric flux passing through any closed surface is equal to the total charge enclosed by that
surface.

Thus

¥ = Qenciosea

The electric flux density Ds at P due to charge Q. The total flux passing through AS is D - AS.

Flux crossing AS = AW = DgS cosOAS = Dg - AS
AY = Dg - AS

The total flux passing through the closed surface is obtained by adding the differential contributions
crossing each surface element AS,

Y= f av = 55 Dg-dS
closed

surface

Then the mathematical formulation of Gauss’s law,

Y= jg Dg-dS = charge enclosed = Q
S
The charge enclosed might be several point charges, in which case

Or a line charge,

Or a surface charge,



Q= f ps dS (Not necessarity a closed surface)
S

Or a volume charge,
Q= f pydv
vol

Gauss’s law may be written in terms of the charge distribution as a mathematical statement
meaning simply that the total electric flux through any closed surface is equal to the charge enclosed.

% D5d5=f p,,dv
S vol



Using Gauss’s Law obtain electric field intensity, E and electric flux density, D for a point
charge on a spherical closed surface.

At the surface of a sphere,

Ds

= a
4mrz T
The differential element of area on a spherical surface is,

dS = r?sinf df do a,
The integrand is,

Ds. dS =

4732 r?sinfddfde a,- a,

Q .
= sinf d6 do

Then,
Q = $D,.dS
= j[l. D,.7% sin@ dO do
2T T
= D,r? f f sinf do de
0 0
= Dyr? [—cos]§ [pl§"
=D,r? [1+ 1] [2m — 0]
=Dr?2-2m
= 4tD,r?
Here D, = %



Electric flux density, D for a point charge,

Electric field intensity, E for a point charge,

We know,




Using Gauss’s Law obtain electric field intensity, E and electric flux density, D for a line charge.

Line charge
PL :N
e
1 /
1
1
I
| &
\. /-’:
// 1 2
We know,
Differential surface of cylinder,
ds = pdp dza,
Then,
Q = $D.dS
= jg Ds.pdp dz a,
l pr2m
= Dy f f pde dz
0 Y0
= Dyp [yJ§" L2l
=D p2nl
Here D; = %
2ntpl
Electric flux density, D for a line charge,
_ P
- 2mp %
Electric field intensity, E for a line charge,
We know,
D = EoE
pl




Application of Gauss’s Law: Differential Volume Element

A

P(x,y,2)
l)=D0=Dx0 aJc'*'DyO ay+Dzo a;

Consider point P, shown in figure located by a Cartesian coordinate system. The value of D at the
point P may be expressed in Cartesian components, Dy = D ax + Dy a, + D, a,. We chose as our

closed surface the small rectangular box, centered at P, having sides of lengths Ax, Ay and Az.
Applying Gauss’s law,
Q= D, -dS

Surface

In order to evaluate the integral over the closed surface, the integral must be broken up into six
integrals, one over each face,

ngs-dsz f+f+f+f+f+ f__(l)
S front back left right top bottom

Consider,

j}L t: Dfront ' ASfront
ron

= Dfront Ay Az a,
= Dy front Ay Az

D, is the value of D, the front surface is at a distance of Ax/2 from P and partial derivative must be
used to express the rate of change of D,, with x. Then,

Ax
Dy front = Dxo + > X rate of change of D, with x

+Ax6Dx
X012 sx




Now we have,

And the back surface,

Now,
j +] D AA+AX6DxAA D AA+Ax6D"
— . y VA _ . y 7 — . y VA R
front back x0 2 6x *0 2 ox
_ 6D, (Ax+Ax>A A
“5x \2 2 )0
—6D"A Ay A
= 59( X y Z
Similarly,
5D,
j +j =—— Ax Ay Az
right left 5)/
And

5D,
f + f = Ax Ay Az
top bottom 6z

Now from equation (1), we have,

Ay Az

ng dS—(SDxA A A>+ 6DyA Ay A +(6DZAA A)
SS =3 x Ay Az 6yxyz 5 x Ay Az

X Z

ox oy 6z

6D 6D oD
ngs-dS=< 2 i A Z)Av
S

6D, 6D, 6D,
ngs-dS= + + Ax Ay Az
s

ox oy 6z

We can write,

Q _ %Ds:dS _ D, 8Dy 8D,
Av Av - Sx oy 6z

6D 6D
_x_|__y

Charge enclosed in volume Av = (
6x sy

8D
+ 5_;) X volumeAv



Divergence

Q  $§Ds-dS 6D, 8Dy , 8D,
Av  Av Sx 8y bz

By allowing the volume element Av shrink to zero, we can write

6D, 6D, 6D, D - dS
< - Y+ )= limSﬁSS— = limg

ox + 5}1 0z Av—0 Av Av—0 Av
8D, 6D, 6D D, -dS
T+—24+2) = lim —Sﬁs > = p,
6x Sy 6z Av—-0  Av
The equation on any vector D to find gﬁs D - dS for a small closed surface,
8D, 6D, 6D D-dS
“+—2+—=] = lim J
6x Sy 6z Mv—0  Av

The divergence of the vector flux density D is the outflow of flux from a small closed surface per unit
volume as the volume shrinks to zero.

. di li SﬁSD &
Divergenceof D = divD = Ao Av
Then,
divp = 22 Oy 0Dz e
ivD = = 5 5 (Cartesian)
16D, 6D, ) .
(Cylindrical)

d'D—la(D)+ +
v _p(Sppp p 8¢ 6z

div D = 15(21))+ . 6('0D)+ L% pherical
WS sy T sing 50 Y T T i sing S (Spherical)




Maxwell’s First equation (Electrostatics)

D-dS
dw0=hm£
Av—-0 Av

8D, 6D, 6D,

divD = 5% + 5y + 57

Then,
ng -dS=0Q
S

Per unit volume

SﬁSD-dS_g
Av  Av

As the volume shrinks to zero,

sﬁSD'dS_l. Q

= lim —
Av—0  Av Av—0 Av

We can write,

divD = p,

Integral Form of Maxwell’s equation,

ng-dS=fp,,dv=Q
s

v

Differential Form of Maxwell’s equation,

V-D = p,



Mathematical problem-2

Find an approximate value for the total charge enclosed in an incremental volume of 1079m3 located
at the origin, if D = e ™ siny a, —e ™ cosy a,, + 2z a, C/m>.

Solution:

Evaluate the three partial derivatives,

6D, 3
5z

e At the origin, the first two expressions are zero and the last is 2.
e Thus the charge enclosed in a small volume element there must be approximately 2Av.

2

If Av = 1079 m3, then we have the total charge enclosed about 2nC.  (Ans)

Mathematical problem-3

Find div D at the origin if D = e ™ siny a, —e ™ cosy a, + 2z a,

Solution:

We know

) 6D, 6D, 6D,
divD = o + 5y 57

=—e¥siny+e*siny + 2

=2 (Ans)



Mathematical problem-4

Determine the divergence of the vector field D = x%yz a, + xz a,

Solution:

We know

vivp — 3D 8Dy 6D,
WEE Tsx T sy T 62

) ) )
— 2
= 5 (Y2 45 O+ (1)

=2xyz+x (Ans)

Mathematical problem-5

Determine the divergence of the vector field D = p sing a, + p®z a, + z cosg a,

Solution:

We know

di D—l—( )+ 6D 5D
v Py pD, 52

196 16 é
2 o 2
=-5 (p? sing) + 5 (p%z) + 57 (z cosp)

= 2 sing + cosp (Ans)

Mathematical problem-6

Determine the divergence of the vector field D = riz cosB a, + 1 sinb cosp ag + cosb a,

Solution:

We know
o)

sinfép ¢

div A ———(r ) + 50 (sm9 De)‘l‘

inf
16

o) o)
— 2 -
050 (r sin@ cosy) + inf 50 (cosB)

(cos ) +

1
=0 2r sinf cos6 0
+ -5 21 sind cosd cosp +

= 2 cosfO cosp (Ans)



Mathematical problem-7

Evaluate both sides of the divergence theorem for the field D = 2xy a, + x? a,, C/m? and the
rectangular parallelepiped formed by the planes x = 0 and 1,y = 0 and 2,and z = 0 and 3.

Solution:
Given
D = 2xya, +x*a,
x=0and 1
y=0and?2
z=0and3
We know,
j (V-D)dv=%D-ds
vol g
Then,

6 é é
V.D = a(ny a, +x%a,) a, + @(ny a, +x%ay)a, + E(ny a; +x%a,)a,

LIPS I
“ox Y Ty X sz
=2y

Now,

L.H.S = f(v-p)dv

vol

3 2 1
= f f f (2y) dx dy dz
z=0 Jy=0 Jx=o0

= [x]5 [y]§ 218
=1x2x3
=12¢



Again,

R.H.S = 3€D-ds
S
2

=L3 12 (D) =0 * (— dydzax)+fz3 fyz (D)y=1* (dy dz a,)

=0 0

y=
+ j (D)y=o - (—dx dz ay)+f (D)y o+ (dx dz ay)
z=0Yy=0

z=0

__LBLZ(D)x=0'dde+fOL(D)le-dydz—fojo(D)yzo-dde+L3J02(D)y=2-dxdz

However, (D)= = 0 and (D), = = (D), =,, which leaves only

3 2
- f f (D)zer - dy dz
0 0
3 2
=j ij-dydz
0 0
3
=j4dz
0

=12

A total charge of 12 C lies within this parallelepiped.  (Ans)



Mathematical problem-8

Given the flux density, D = % cos20ay C/m?, use two different methods to find the total charge
withintheregion 1 <r <2m,1 <60 < 2rad,1 < ¢ < 2rad.

Solution:
Evaluating the net outer flux through a cube,

Here, D has only 6 component so the flux contributions will be only through the surface of constant 6.
On a constant-theta surface, the differential area is da = r Sin6@ dr d¢, where 0 is fixed at surface
location.

Flux integral- (For the both surface of 0)

ng.ds=j D.ds+f D.ds+f D.ds+j D.ds+J D.ds+J D .ds
Left Right Front Back Top Bottom

2 (%16 2 (%16
=O+O+O+O—f f 7cos(2)rSin(1)drd<p+j j Tcos(4)r5in(2)drd<p
1 1 1 1

2 2 2 2
= —16 f f cos(2)Sin (1)dr dep + 16 j j cos(4)Sin (2)dr do
1 1 1 1

= —16 x —0.3502 x [r]? x [@]?+ 16 x —0.5943 x [r]? x [¢]?
= 16 X 0.3502 —-16 x 0.5943
= 16 (0.3502 — 0.5943)
= —-391C (Ans)
The volume integral side of the divergence theorem,

VD—ld(ZD)+ ! d(S'eD)+ ! d
T e v le rSin6 do

rSin6 do (D)

1 d
:0+r5in9£(5m9[)9)+ 0

_ 1 d [16 20 Si 9]
T rSing dé Lr cos m
_ 16 [cos 26 cos@

oz Sin 6

— 2Sin 29]

Now,

dv = r?2Sinf dr df do



Then,

cos 260 cos6 ] ]
f Vde-f ff —25m29]r25m9drd9d<p
volume Sin 6

~ jzjzjzw cos 26 cosO — 2 Sin 20 Sin 6

Y ] Sin0drdfde

=jjj16[60320c058—25in295in9]drd@dgo

=f

6 [cos26 cos@ — 2 Sin 26 Sin 8] [r]? dO do

[ R
N
U

6 [cos 26 cos @ — 2 Sin 26 Sin 0] [¢]? d@

Il
h
N
[E

2
= f 16 [cos 26 cos 6 — 2 Sin 26 Sin 0] d6
1

2
=8j [2cos 26 cosO — 4 Sin 20 Sin 0] dO
1

=8 flz [cos36 + cosO — 2 (2 Sin 260 Sinb)] [2 cosA cosB = cos(A + B) + cos(A — B)]

=8 flz cos360 + cos @ — 2 (cosf — cos 30) [2 SinA Sin B = cos(A — B) — cos(A + B)]

2
=8fcos39+c050—20059+2cos39
1
2
=8f [3cos 36 — cosO] do
1

— Sin@

sin3g 7
[3
1
= [Sin6 —Sin2 —Sin3 + Sin 1]
= —391C (Ans)



Mathematical problem-9
The cylindrical surface p = 8 cm contains the surface charge density, p; = 5 e~ 2° 12l n ¢/m?.
(a) What is the total amount of charge present?

(b) How much electric flux leaves the surface, =8 cm,1cm <z <5cm,30° < ¢ < 90°?

Solution:

(a) Integrate over the surface-

Q= fs ps ds

[} 2T

=f f ps p de dz
0 0
2T

=j 5e~292(0.08)d¢ dz
o Jo

%) 2T
= j 5207 (0.08)j 1dedz
0 0

- f 5 ¢-207 (0.08)[]2" dz
0

=101 (0.08)J- e~ 2074z
0

e—20z]%
= 107 (0.08)
—20
0
= 10m (0.08) X — [e~2°7]P

1
=107 (0.08) X —= (0—1
7 (0.08) x —5 (0 1)

1
=10 x (0.08) X —
w x (0.08) 20

= 0.125 nC (Nano — Coulomb) (Ans)



(b) Integrate the charge density on that surface-

<p=Q’—f ps ds

0.05
f f pspdwdz
0.0 30

0.05 90°
= f 5e7202(0.08)dyp dz
0

01 J30°
0.05 90°

= f 5e72°7(0.08) do dz
0.01 30°

0.05
= f 57207 (0.08)[p]3% dz
0

.01
0.05
90 —30)2m
[ 5o o 0TI,
0.01 360

90 — 30 005
=5 % (0.08) x ( )Zﬂj e~ 2074y
360 0.01

0.05

300 x 0.08 ><27r[ 1 20 ]
= e~ 20z

360 20 001

24 X 21

— 20 x0.05 __ — 20 x0.01
[ 20 ¢ € )]

=945 x 1073 nC
= 9.45 pC (Pico — Coulomb) (Ans)



Mathematical problem-10

Volume charge density is located in free space as p, = 2e71%°°" nC/m3 for 0 < r < 1 mm and p,,

0 elsewnhere.
(a) Find the total charge enclosed by the spherical surface r = 1 mm.

(b) By using Gauss’s law, calculate the value of D,. on the surface r = 1mm.

Solution:
(a) The charge-
2 rm ~0.001
Q= f f f 2710007 +2 Sin @ dr dO do
0 0 Y0
We obtain,
_ 72 g—1000 r|0.001 2 g-10007 0.001
=8n |—————— —-1000r —1
Q=87 =500 . * 1000 (10002 ¢ r=1) .

=4.0 x107°nC (Ans)

(b) The enclosed charge is the result of part-(a).
We thus write 412D, = Q.
Then,

Q

Dy = 4mr?
_ 4.0 x 107°
41 (0.001)2

nC
= 3.2 X 10_4? (A‘I’lS)

|



