CHAPTER-4

Energy and potential
Energy expended in moving a Point charge in an Electric Field

We wish to move a charge Q a distance dL from (B) to (A) location in an electric field E. The force on
Q due to the electric field is

Fp = QE

The force which we must apply is equal and opposite to the force due to the field. Therefore, the work
done is,

F-dL =—QE.dLq,
Where a; = a unit vector in the direction of dL.
The differential work done by external source moving Q,
= —QE.dL a;
= —QE.dL
~dW = —QE.dL

o |If E and L are perpendicular, the differential work will be zero.

The total work required to move the charge from (B) to (A) location is,

W =dw

A
=W = f — QE.dL
B

A
B

e W >0 means we expend energy or do work.
e W <0 means the field expends energy or do work.



Mathematical problem-1:
The non-uniform field E = y a, + x a, + 2 a,.

(a) Determine the work expended in carrying 2 C from B(1, 0, 1) to A(0.8, 0.6, 1) along the
shorter arc of the circle x> + y2 = 1and z = 1.

(b) Determine the work required to carry 2 C from B to A in the same field, but this time use
straight-line path from B to A.

Solution:

(a) Working in Cartesian co-ordinates, the differential path dL is dx a, + dy a, + dz a, and the
integral becomes

A
W=—Qf E-dL
B

A
=—2.f (yax+xay+2az)-(dxax+dyay+dzaz)
B

0.8 0.6 1
=—2J ydx—ZJ xdy—4jdz
1 0 1

0.8 0.6
=—2f V1 —x2 dx—2f J1—-y2dy—0
1 0

[Circle equation: x> +y> =1,x = /1-y2,y =vV1 - xz]

0.6

= — [xm + Sin_lJC]O.S - [YV 1—y? +sin™ y]o

1
|/ VaZ =uZdu =2 Va? —u? + % sin 1]
= —(0.48 4+ 0.927 — 0 — 1.571) — (0.48 + 0.644 — 0 — 0)

=-096] (Ans)



(b) The equations of the straight line, y

A
Ya—YB
—yp = - z=1
Y—DYs X4 — Xp (x — xp)
Zp — Zp
z—25= v — s)
B D Yy —YB
X X
X —Xp = . B(Z_ZB)
Zp — Zp
From the first equation above we have

y=-3x+3
y=-3(x—-1)
And from the second we obtain
z=1
Thus,
0.8 0.6 1
W=—2j ydx — 2 j xdy—4j dz
1 0 1
—6 fo's(x—u dx —2 j-%(l—z)dy
1 0 3
=—-096] (4ns)
Differential Length
dL =dxa, + dyay +dza, (Rectangular)
dL=dpa, + pdga, +dza, (Cylindrical)

dL =dra, +rdfa, +rsinfdga, (Spherical)



Electric potential

We know, the total work required to move the charge from (B) to (A) location is,

A
W=—Qf E.dL
B

Now dividing W by Q gives the potential energy per unit charge. The quantity denoted by V ag is know
as the potential difference between points B and A. Thus,

|4 w fAEdL
AB_Q_ B :

Note that,

e Indetermining Vag, B is the initial point while A is the final point.

e If Vag is negative, there is a loss in potential energy in moving Q from B to A; this implies that
the work is being done by the field. However, if V ag is positive, there is a gain in potential
energy in the movement.

e Vagis measured in joules per coulomb, commonly referred to as volts (V).

E

If the E field in above figure is due to a point charge Q located at the origin, then

Q

= a
Amegr? T

Then we have,
A
VAB = _f E dL
B

TA
VABz—f L a,-dra,

rg AMEQT?
. Q [1 1
" 4mey lry 1y
Then,
Vap = Va4 —Vp

Where, V; and V, are the potentials at B and A respectively.



Potential difference produced by a line charge

We know,

PL
E=Fa =—2_
pQp 2meqp Ap

The potential difference,

A
VAB:_f EdL
B

A
= f (Z:ELO/) ap) (dp a, + pdy a, + dz a,)
B

[
2mey Jp P
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2T€
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Vap =

Work done when displacement (p) of source to point charge increase or decrease

We know,
_ PL a
2megp P
We also know, work done
final
W=-0Q E.dL

initial

P2
pL
= — o (d d d
Qj;l (Zneop ap> (pap+p pa,+ ZaZ)

_ Qpy fpzd_P

2meg J,, P

Qpy
_ | P2
21€, [in pl,




Work done when displacement (p) is same but, change in angle (¢).

We know,
_ PL a
2megp
We also know, work done
final
W =-Q E.dL
initial

P2
PL
= — -dL
Qfm (2neop a") d

Here, dL = dp a, + pde a, + dz a,. Change in agnle (¢) makes (p) and (z) zero.
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Potential Gradient (W.H.Hayt)

We know
V=—fE-dL

For a very short element of length AL along which E is constant, leading to an incremental potential
difference AV,

AV =—E- AL

If we designate the angle between AL and E as 6, then
AV = —E - AL cos@

Then,

av E cos6
qL = cos

It is obvious that the maximum positive increment of potential, AV, will occur when cos8 is —
1, or AL points in the direction opposite to E. For this condition,

dv
dL max

Characteristics of the relationship between E and V:

e The magnitude of the electric field intensity is given by the maximum value of the rate of
change of potential with distance.
e This maximum value is obtain when the direction of the distance increment is opposite to E.
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At P, small incremental distance AL in various directions, to find that direction in which the potential
is changing the most rapidly. From the figure this direction appears to be left and slightly upward. So
the electric field intensity is therefore oppositely directed (to the right and slightly downward at P). Its
magnitude is given by dividing the small increase in potential by the small element of length.

The direction in which the potential is increasing the most rapidly is perpendicular to the
equipotentials (in the direction of increasing potential). If AL is directed along an equipotential, AV =
0. Then,

AV =—-E-AL=0
Since neither E nor AL is zero, E must be perpendicular to AL or equipotentials.

Now, by letting a, be a unit vector normal to the equipotential surface and directed toward the higher
potentials. The electric field intensity is then expressed in terms of the potential,

av

E=——
dL max

ay

The magnitude of E is given by the maximum space rate of change of V and the direction of E is
normal to the equipotential surface (in the direction of decreasing potential).

Since dV /dL|,,q4, 0Ccurs when AL is in the direction of a,

av _av
dLln.e dN
- av

T AN

The operation on V by which —E is obtained is known as the gradient and the gradient of a scalar field
T is defined as

dT

Gradientof T = grad T = aN

Using the new term, we now may write

E=—gradV



Now,

FLLU WL L
ox Ty P T Y
Also,
V=—fEdL

dV = —E - dL = —E,dx — Eydy — E,dz

Since both expressions are true for any dx, dy and dz, then

6V
BT
)4
y =~ @
4
b=

Then,

ox ¥ 8y
“E=-V-V h [V = 6 + 6 +
~FE = wnere, = 5x a, Sy a, 52 a,
VV—SV +6V +6V (Cartesian)
= 5 a, 5y a, 57 a, artesian
VV—SV +16V +6V (Cylindrical)
=50 a, b 50 a, 57 a, ylindrica
VV_SV +1 oV N 1 )4 (Spherical)
“er T 560 T v sing 5(pa¢ pherica



Gradient of a Scalar (Sadiku)

The gradient of a scalar field V is a vector that represents both the magnitude and the direction of the
maximum space rate of increase of V.

Mathematical expression for the gradient can be obtained by evaluating the difference in the field dV
between points P,and P, of following figure,

d —(Wd +6Vd +6Vd
Ve M Sy YT sz

~ (5V sV 8V

aax+@ ay+§ az>-(dxax+dyay+dzaz)

For convenience, let

G—aax+@ay+5az
Then
dv =G -dl
dV = G cos6 dl
Or
d—VzGcose
dl

Where dl is the differential displacement from P, to P, and 6 is the angle between G and dl.
dV /dl is maximum when 6 = 0, that is when dl is in the direction of G. Hence,

av _av
dll,. dn



Where, dV /dn is the normal derivative. Thus G has its magnitude and direction as those of the
maximum rate of change of V. By definition, G is the gradient of V. Therefore,

)4 )4 oV

gradV=VV=6—xax+@ay+E

a;

The gradient of V can be expressed in Cartesian, cylindrical and spherical coordinates.

6V )4 )4

W=—a,+—--a,+—-a, (Cartesian)

6x 6_y b6z
VV—SV +16V +5V (Cylindrical)
=% a, > 50 ap +5-a; ylindrica
oW = oV 4 1 6V 4 1 oV (Spherical)
“or Ty 56 T rsing S5 %o pherica



Mathematical problem-2:
Given,
v =100 r? sinf
Electric field, E =?

Solution:

We know,

E=-V-V

= (5 b2 0 e — 2 ) (10072 sin6)
sr Ty 560%™ T v sing S(pa‘p TS

- 5(100 72 sinB) 5(100 72 sin®)

Sr ar r ér g — 0

) 1)
_ . _ 2 _ _ .
= —(100 sin8) Sy (r)?a, —100r 50 (sinB) ag

~ E =-100sin6 (2r) a, — 1001 cosf ag  (Ans)

Mathematical problem-3:

Given,
v =100 p?
Electric field, E =?
Solution:
We know,
E=-V:V
) 1 6 )
= — (aap +; %a(p + Ea2> - (100 p?)
_, _3100p7) (122’)2)%—0—0

= —100 (2p) a,

~E= —-200pa, (Ans)



Mathematical problem-4:

Potential field, V = 2x2y — 5z and a point P(—4, 3, 6). Find following numerical values at point P:

(a) The potential, V

(b) The electric field intensity, E
(c) The direction of E

(d) The electric flux density D and
(e) The volume charge density p,

Solution:

(@) The potential at P(—4, 3, 6)
Ve = 2(—4)%2(3) —5(6) =66V
(b) The electric field intensity
E=-VV
E =—4xya, —2x*a,+5a, V/m
The value of E at point P is
Ep =48a,—-32a,+5a, V/m
And

|Ep| = /482 + (=32)% + 52
|Epl =57.9 V/m
(c) The direction of E at point P is given by the unit vector

48a,—32a,+5a,
ep = 57.9

agp = 0.829 a, —0.553 a,, + 0.086 a,
(d) Assuming these fields exist in free space, then the electric flux density

D =eE =-354xya, —17.71x* ay, + 443 a, pC/m3

(e) The volume charge density
py=V-D
p, = =354y pC/m3
At P,

p, = —106.2 pC/m3



The Dipole

An electric dipole is formed when two point charges of equal magnitude but opposite sign are
separated by a small distance.

Consider the dipole shown in following figure, the potential at point P (r, 0, ¢) is

Q11 1

4mey lrt 2

_ Q [Tz - T1]
dmeg L i1y

Where, 1, and r, are the distances between P and +Q and P and - Q respectively.
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If r>»d, 1, — 1, = d cos and ryr; =~ r? then we have,

_Q dcos6
 4me, 12
Electric field intensity,
E=-V-V
_ (6V +16V N 1 4V )
~ T\ T T 50% T sing S %o

Then

. ( Qd cos6 Qd sinf )
B Amreyr3 @ Ame,r3 9

1 o1
(—2 cosGr—3 a, — smer—3 a9>

Qd

4meyrs

(=2 cosB a, — sinb ay)



The potential field of the dipole may be simplified by making use of the dipole moment. The vector
length directed from - Q to +Q as d and then define the dipole moment as Qd and assighn it the
symbol P. Thus

p=0Qd
The units of P are Cm.
Since d. a, = d cos8, then we have

_Q dcost
4me, 1?
_ P
4Ame,r?

This may be generalized as

1 r—r'

Amey lr =12 p- |r — 7'

_p(@-=7)
4mey lr =13



Energy Density in Electrostatic Fields
Three point charges Q4, Q, and Q5 in an empty space shown in following figure.

e No work is required to transfer Q; from infinity to P; because the space is initially charge free
and there is no electric field.

e The work done in transferring of Q, from infinity to P, is equal to the product of Q, and the
potential V,; at P, due to Q;.

e Similarly, the work done in positioning Q5 at P is equal to Q5 (V5, + V3,), where Vs, and V3,
are the potentials at P; due to Q, and Q; respectively.

Work to position Q, = Q, V5,

Work to position Q; = Q5 (V31 + V35)

The total work done in positioning the three charges is,

WE=W1+W2+W3

Wg =0+ Q,Vo1 + Q3 (Va1 +V33) ¢y
If the charges were positioned in reverse order, then,
WE = W3 + WZ + Wl

Wg =0+ Q;Vo5 + 04 (V12 + V13) (2)

Where, V,5 is the potential at P, due to Q5, V;, and V;5 are respectively the potentials at P, due to Q,
and Q5.

Now adding equations (1) and (2) gives,
2Wg = Qq (Vip +Vi3) + Qy (Vo1 +Va3) + Q3 (V31 + V3,)
2Wg =01 V1 +Q: V2 +0Q35V; [Here, Vi, + Vi3 = V4]

1
WE:§Q1V1+Q2V2+Q3V3



Where, V;,V, and V5 are total potentials at P;, P, and P5 respectively. In general, if there are n point
charges then,

m
W_1
E—2

m

QmVin (in joules)

=n
=1

If, instead of point charges, the region has continuous charge distribution, then we have,

1
Wy = 5 pr V' dl (Line charge)

1
Wy = > fps V'dS (Surface charge)

1
Wy = > fpv Vdv (Volume charge)

Since,
py=V-D

For volume charge, we can write

1
WE=EJ(V-D)Vdv
v

But for any vector A and scalar, the identity

V-VA=A-VV +V(V-A)
Or,

(V-AV=V-VA—-A-VV
Applying the identity, we get,

WE%f(v-VD)dv—%f(D-W)dv

v v

Applying divergence theorem to the first term on the right-hand side of this equation, we have
1 1
Wy =§j€(VD) : dS_E f(D-VV) dv
S v

As we know that

e V variesas 1/r and D as 1/r2 for point charges
e V variesas 1/r? and D as 1/r3 for dipoles

So, here in the first term on the right-hand side of the equation

e VD must vary at least as 1/r3 and
e dSvariesas r?



Consequently, the first integral of the equation must tend to zero as the surface S becomes large. So
the equations reduces to

1
v

Since, E = —VV and D = ¢€,E, we have,

1
WE=§fD-Edv

1
WE = E f(EOE ) E) dv

1
WE=§fEOE2dv

From this, we can define electrostatic energy density Wy (in J/m?) as

L R
VET gy T2 —2 %% T,




